SEMIGROUP C*-ALGEBRAS AND AMENABILITY OF 

SEMIGROUPS 



XIN LI 

Abstract. We construct reduced and full semigroup C*-algebras for left can- 
cellative semigroups. Our new construction covers particular cases already con- 
sidered by A. Nica and also Toeplitz algebras attached to rings of integers in 
number fields due to J. Cuntz. 

Moreover, we show how (left) amenability of semigroups can be expressed in 
terms of these semigroup C*-algebras in analogy to the group case. 



1. Introduction 

The construction of group C*-algebras provides examples of C*-algebras which are 
both interesting and chahenging to study. If we restrict our discussion to discrete 
groups, then we could say that the idea behind the construction is to implement the 
algebraic structure of a given group in a concrete or abstract C*-algebra in terms of 
unitaries. It then turns out that the group and its group C*-algebra(s) are closely 
related in various ways, for instance with respect to representation theory or in the 
context of amenability. 

Given the success and the importance of the construction of group C*-algebras, a 
very natural question is whether we can start with algebraic structures that are even 
more basic than groups, namely semigroups. And indeed, this question has been 
addressed by various authors. The start was made by L. Coburn who studied the 
C*-algebra of the additive semigroup of the natural numbers (see [Col] and [Co2]). 
Then, just to mention some examples, a number of authors like L. Coburn, R. G. 
Douglas, R. Howe, D. G. Schaeffer and I. M. Singer studied C*-algebras of particular 
Toeplitz operators in |Co-Do| . |C-D-S-S] . |Dou| and |Do-Ho| . The original motiva- 
tion came from index theory and related K-theoretic questions. Later on, G. Murphy 
further generalized this construction, first to positive cones in ordered abelian groups 
in |Murl] . then to arbitrary left cancellative semigroups in |Mur2| and |Mur3| . The 
basic idea behind the constructions mentioned so far is to replace unitary representa- 
tions in the group case by isometric representations for left cancellative semigroups. 
However, it turns out that the full semigroup C*-algebras introduced by G. Murphy 
are very complicated and not suited for studying amenability. For instance, the full 
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semigroup C*-algebra of N x N in the sense of G. Murphy is not nuclear (see |Mur4j . 
Theorem 6.2). 

Apart from these constructions, A. Nica has introduced a different construction of 
semigroup C*-algebras for positive cones in quasi- lattice ordered groups (see [M] 
and also [La-Rae) ). His construction has the advantage that it leads to much more 
tractable C*-algebras than the construction introduced by G. Murphy, so that A. 
Nica was able to study amenability questions using his new construction. The main 
difference between A. Nica's construction and the former ones is that A. Nica takes 
the right ideal structure of the semigroups into account in his construction, although 
in a rather implicit way. 

Another source of inspiration is provided by so-called ring C*-algebras (see |Cun| . 
[Cu-Lilj . |Cu-Li2j and [Li]). Namely, the author realized during his recent work 
[Li] that there are strong parallels between the construction of ring C*-algebras and 
semigroup C*-algebras. The restriction A. Nica puts on his semigroups by only 
considering positive cones in quasi-lattice ordered groups would correspond in the 
ring case to considering rings for which every ideal is principal. This observation 
indicates that the ideal structure (of the ring or semigroup) should play an important 
role in more general constructions. This idea has been worked out in the case of 
rings in fLi]. Moreover, it was explained in Appendix A. 2 of [Li] how the analogous 
idea leads to a generalization of A. Nica's construction to arbitrary left cancellative 
semigroups. 

Independently from this construction of semigroup C*-algebras, J. Cuntz has mod- 
ified the construction of ring C*-algebras from [ Cu-Lil] and |Cu-Li2] and has in- 
troduced so-called Toeplitz algebras for certain rings from algebraic number theory 
(rings of integers in number fields). The motivation was to improve the functorial 
properties of ring C*-algebras. And again, the crucial idea behind the construction 
is to make use of the ideal structure of the rings of interest. This first step was due 
to J. Cuntz (before the work [C-D-L] ). and he presented these ideas and the results 
on functoriality in a talk at the "Workshop on C*-algebras" in Nottingham which 
took place in September 2010. 

As a next step, J. Cuntz, C. Deninger and M. Laca study these Toeplitz algebras in 
|C-D-L| and they show that the Toeplitz algebra of the ring of integers in a number 
field can be identified via a canonical representation with the reduced semigroup 
C*-algebra of the ax + 6-semigroup over the ring. This indicates that there is a 
strong connection between these Toeplitz algebras and semigroup C*-algebras. 

And indeed, it turns out that if we apply the construction of full semigroup C*- 
algebras in [Li] to the ax + 6-semigroups over rings of integers, then we arrive at 
universal C*-algebras which are canonically isomorphic to these Toeplitz algebras. 
As pointed out in [C- D-Lj , the most interesting examples arise from rings which 
do not have the property that every ideal is principal (i.e. the class number of the 
number field is strictly bigger than 1). For these rings or rather the corresponding 
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ax + 6-semigroups, it is not possible to apply A. Nica's construction. This explains 
the need for a generalization of A. Nica's work. 

So, to summarize, the motivation behind our construction of semigroup C*-algebras 
is twofold: On the one hand, we would like to provide a general framework for 
A. Nica's constructions as well as the Toeplitz algebras due to J. Cuntz so that 
these constructions can be naturally thought of as particular cases of our general 
construction (this is explained in §[2|). On the other hand, we would like to obtain 
constructions which are more tractable than those of G. Murphy and which allow 
us to characterize amenability of semigroups very much in the same spirit as in the 
group case (see §[!]). To establish this connection with amenability, we first have to 
modify our construction of full semigroup C*-algebras in the case of subsemigroups 
of groups (see § [3]) . 

Of course, there are not only C*-algebras associated with groups, but also C*- 
algebras attached to dynamical systems. So another question would be whether we 
can also construct C*-algebras for semigroup actions by automorphisms. We only 
touch upon this question in § I2.2i 

I would like to thank J. Cuntz for interesting and helpful discussions and for pro- 
viding access to the preprint |C-D-Lj due to him, C. Deninger and M. Laca. I also 
thank M. Norling who has pointed me towards a missing relation in the definition 
of full semigroup C*-algebras for subsemigroups of groups. This has led me to the 
modified construction introduced in § [3l 



2. Constructions 

2.1. Semigroup C*-algebras. By a semigroup, we mean a set P equipped with 
a binary operation P x P ^ P; {p,q) i— )• pq which is associative, i.e. {piP2)P3 = 
Pi{p2P3)- We always assume that our semigroup has a unit element, i.e. there exists 
e € P such that ep = pe = p for all p G P. All semigroup homomorphisms shall 
preserve unit elements. We only consider discrete semigroups. A semigroup P is 
called left cancellative if for every p, x and y in P, px = py implies x = y. 

As mentioned in the introduction, the basic idea behind the construction of semi- 
group C*-algebras is to represent semigroup elements by isometrics. This means 
that if we let Isom be the semigroup of the necessarily unital semigroup C*-algebra 
associated with the semigroup P, then we would like to have a semigroup homo- 
morphism P Isom . This requirement explains why we restrict our discussion to 
left cancellative semigroups: Since Isom is always a left cancellative semigroup, this 
homomorphism P Isom can only be faithful if P itself is left cancellative. 

Given a left cancellative semigroup P, we can construct its left regular representation 
as follows: 
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Let £^(P) be the Hilbert space of square summable complex- valued functions on P. 

£'^{P) comes with the canonical orthonormal basis {Ex- x € P} given by ex{y) = Sx,y 
where 5x^y is 1 if x = y and ii x y. Let us define for every p G P an isometry Vp 
by setting VpEx = £px- Here we have made use of our assumption that our semigroup 
P is left cancellativc. It ensures that the assignment Ex i— > £px indeed extends to 
an isometry. Now the reduced semigroup C*-algebra of P is simply given as the 
sub-C*-algebra of C{£^{P)) generated by these isometrics {V^: p G P}. We denote 
this concrete C*-algebra by C*{P), i.e. we set 

Definition 2.1. C;{P) := C* {{Vp: p e P}) C C{f{P)). 



So C*{P) is really a very natural object: It is the C*-algebra generated by the left 
regular representation of P. This C*-algebra C*{P) is called the reduced semigroup 
C*-algebra of P in analogy to the group case. But we remark that this C*-algebra 
is also called the Toeplitz algebra of P by various authors. 

We now turn to the construction of full semigroup C*-algebras. As explained in the 
introduction, we will make use of right ideals of our semigroups to construct full 
semigroup C*-algebras. So we first have to choose a family of right ideals. 

Given a semigroup P, every semigroup element p G P gives rise to the map P — >■ 
P; x i-> px. It is simply given by left multiplication with p. Given a subset X of P 
and an element p G P, we set 

(1) pX •— {px: X eX} and p~^X := {y e P: py e X} . 

In other words, pX is the image and p^^X is the pre-image of X under left multi- 
plication with p. A subset X of P is called a right ideal if it is closed under right 
multiplication with arbitrary semigroup elements, i.e. if for every x E X and p G P, 
the product xp always lies in X. 

The semigroup P is left cancellativc if and only if for every p P, left multiplication 
with p defines an injective map. For the rest of this section, let P always be a left 
cancellativc semigroup. 

Let J be the smallest family of right ideals of P containing P and 0, i.e. 

(2) Pej,$ej, 

and closed under left multiplication, taking pre-images under left multiplication, 

(3) X eJ,peP^pX,p-'^X ej, 
as well as finite intersections, 

(4) X,Y ej ^ X^Y ej. 

It is not difficult to find out how right ideals in J typically look like. Actually, it 
follows directly from the definitions that 

(5) ^ = ^ n (^i.i) '^'i.i • • • ^Pj,n,P- N, nj G Zyo;Pj,k, qj,k G P | U {0} . 
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The elements in J are called constructible right ideals. If we want to keep track 
of the semigroup, we write Jp for the family of constructible right ideals of the 
semigroup P. We will see in ()32p that it is not necessary to ask for (jj]). 

With the help of this family of right ideals, we can now construct the full semigroup 
C*-algebra of P. The idea is to ask for a projection- valued spectral measure, defined 
for elements in the family J and taking values in projections in our C*-algebra. 

Definition 2.2. The full semigroup C*-algebra of P is the universal C*-algebra 
generated by isometries {vp: p G P} and projections {ex- X G J} satisfying the fol- 
lowing relations: 

I. (i) Vpg = VpVg I. (a) Vpexv* = epx 

II. (i) ep = 1 11. (a) eijf = 11. ( Hi ) exriY = ex ■ 
for all p, q in P and X, Y in J . 



We denote this universal C*-algebra by C*{P), i.e 
C*{P) := C* I {vp: peP}U{ex: XG J} 



Vp are isometries 
and ex are projections 
satisfying I and II. 



One remark about notation: For the sake of readability, we sometimes write e\^x] fo'^ 
ex in case the expression in the index gets very long. 

Of course, the question is: Where do all these relations come from? The idea is that 
we can think of C*{P) as a universal model of the reduced semigroup C*-algebra 
C*{P). To make this precise, let us again consider concrete operators on £'^{P). 
We have already defined the isometries Vp for p ^ P. For every subset X of P, 
let Ex be the orthogonal projection onto l'^{X) C £^(P). In other words, let Ix 
be the characteristic function of X defined on P, i.e. = 1 if p G ^ and 

^x{p) = if p ^ X. Then Ix is an element of £°°(P) which is mapped to Ex 
under the canonical representation of £°°{P) as multiplication operators on £^(P). 
As with the projections ex, we will sometimes write E^x] for Ex if the subscript 
becomes very long. It is now easy to check that the two families {Vp: p € P} and 
{Ex'- X G J'} satisfy relations I and II (with Vp in place of Vp and Ex in place 
of ex)- This explains the origin of these relations. At the same time, we obtain 
by universal property of C*(P) a non-zero homomorphism A : C*(P) C{£'^{P)) 
sending Vp to Vp and ex to Ex for every p & P and X ^ J . This homomorphism is 
called the left regular representation of C*{P). In particular, we see that C*{P) is 
not the zero C*-algebra. We will see later on (compare (llip ) that the image of A is 
actually the reduced semigroup C*-algebra C*(P). 

Remark 2.3. Actually, the requirement that J should be closed under taking pre- 
images under left multiplications is not needed in the construction, and it does not 
appear in the first version of semigroup C*-algebras in [Li], Appendix A. 2. The orig- 
inal reason why we added this extra requirement is that we wanted our construction 
of full semigroup C*-algebras to include the construction of Toeplitz algebras for 
rings of integers in number fields by J. Cuntz. However, for such semigroups, it 
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is not necessary to consider pre-images in the following sense: Let J' denote the 
family of right ideals defined in the same way as J but without the property that 
J' is closed under pre-images under left multiplication. For the ax + 6-semigroups 
over rings of integers, it turns out that it does not matter whether we take J or J' 
in Definition 12.21 because the resulting C*-algebras are canonically isomorphic. But 
for general semigroups, it is more convenient to work with J as we will see. 



Let us also discuss a useful modification of these full semigroup C*-algebras. We 
first reformulate relation Il.(iii): We have canonical lattice structures on the set 
of right ideals of P (let X NY = X X \J Y = X \JY ior right ideals X 

and y) and on the set of commuting projections in a C*-algebra (let e A f = ef 
and eV/ = e-|-/ — eA/for commuting projections e and /). So relation Il.(iii) 
simply tells us that the projections {ex- X G J'} commute and that the assignment 
J 3 X ex & Proj (C*(P)) is A-compatible. Given this interpretation, an obvious 
question is whether we can modify our construction so that the analogous assignment 
becomes V-compatible as well. This is indeed possible. The first step is to enlarge 
the family so that it is closed under finite unions as well. Let be the smallest 
family of right ideals of P satisfying the conditions ([2]) - ([3]) and the extra condition 

(6) x,y G j(^) ^xuy G j(^). 

Again, it follows from our definition that 
(7) 

' M N 1 

u ^^-'^ ■ ■ ■ ^y^p^ ^'^'-^ ^ 2>o;p5:u:i e p u{0}. 
i=ij=i I 



(u) 



We can now modify Definition 12 . 2 I by replacing J by J'^^^ and adding to the relations 
the extra relation ex\jY = ^x + ey — exnY for all X, y G J'^^^ . The corresponding 
universal C*-algebra is then denoted by C*^^\P). 

Definition 2.4. 

C7*(u)(P) := C* (^{vp: p£ P}u[ex: X e ^^^^j 
with the relations 

I.(i) Vpq = VpVq I. (a) VpCXV* = CpX 

Il^'^lfi) ep = l II^''\(ii) 6^ = 

Il^^\(iii) exnY = ex ■ ey Il'''~'\(iv) exuY = ex + ey - exnY- 



Vp are isometries 
and ex are projections 
satisfying I and //'"^^ 



It is immediate from our definitions that C*^^'{P) is a quotient of C*{P), or in other 
words, that we always have a canonical homomorphism tt^^'^ : C*{P) — ?• C*^^''(P) 
sending C*(P) 9 Vp to Vp G C*(^)(P) and C*{P) 3 ex to ex G C*(^)(P) for all 
p E P and X E J C. J^^\ Relation Il(^).(iv) implies that vr*^^) is always surjective. 
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As for the relations defining C*{P), it is immediate that the relations I and II^'-') 
(with Vp in place of Vp and Ex in place of ex) are satisfied by the concrete operators 
{Vp: p G P} and {Ex- X G J^^^^ on £'^{P) {Ex is the orthogonal projection onto 
£'^(X) C £'^[P) as above). So we again obtain by universal property of C*^'~'\P) a 
non-zero homomorphism A*-^-* : C*^^\P) C{£'^{P)) sending Vp to Vp and ex to 
Ex for every p ^ P and X € JT"*-^-'. This again implies that C*^^\P) is not the zero 
C*-algebra. Moreover, we obtain by construction a commutative diagram 



(8) 



C*{P) 



,(u) 




C*(^){P)—-,C{f{P)) 



A(u) 



2.2. Semigroup crossed products by automorphisms. At this point, we also 
introduce semigroup crossed products by automorphisms. Let P be a left cancella- 
tive semigroup and D a unital C*-algebra. Moreover, let a : P — > Aut (A) be a 
semigroup homomorphism. 

We then define the full semigroup crossed product of ^ by P with respect to a as the 
(up to isomorphism unique) unital C*-algebra ^x^P which comes with two unital 
homomorphisms la '■ A ^ Ax^P and ip : C*{P) — ?• j4xi^P satisfying 

iA{cip{a))ip{vp) = ip{vp)iA{o) for all a G A,p € P 

such that the following universal property is fulfilled: 

Whenever T is a unital C*-algebra and ipA : A T, cpp : C*{P) — )• T are unital 
homomorphisms satisfying the covariance relation 

(9) ^pA{ap{a))^p{vp) = ipp{vp)ipA{a) for all a e A,pe P, 

there is a unique homomorphism cpA x v'p : Axi'^P — > T with 

{ipA X Lfp) o LA = ipA and {ipA X ^p) o ip = ^fp- 

We could also use C*^'^\P) instead of C*{P) in the construction of the semigroup 
crossed product by automorphisms, and the result would be another C*-algebra, say 
A Xa^'"'^ P, with the corresponding universal property. We will see in Lemma 12.151 
that these universal C*-algebras really exist. By construction, we have a canonical 
homomorphism t^^^a Pa) ■ ^^a^ ~^ ^ >ia^^^ P- This homomorphism is surjective as 

the canonical homomorphism vr^^^ : C*{P) — )• C*^'^\P) is surjective. Of course, if 
tr : P — )• Aut (C) denotes the trivial action, then 

C*{P) ^ C Xtr P, C*^^\P) ^ C xj^^^ P, 

and under these canonical identifications, '^^^^p^^^ becomes the canonical homomor- 
phism 7r(u) : C*(P) ^ C*(^)(P). 

We remark that there is a different notion of semigroup crossed products by endomor- 
phisms which is for instance explained in [La] . [La-Rae] . § 2 or in ^i]. Appendix A.l. 
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We denote semigroup crossed products by endomorphisms by x*^ to distinguish them 
from our construction. We will see that there is a close relationship between these 
two sorts of semigroup crossed products. 

G. Murphy has already introduced semigroup crossed products by automorphisms in 
|Mur2 ] and [ Mur3j . However, as in the case of semigroup C*-algebras, G. Murphy's 
construction leads to very complicated C*-algebras which are not tractable even in 
very simple cases. But G. Murphy has also constructed concrete representations, and 
these can be used to define reduced semigroup crossed products by automorphisms: 
Take a faithful representation of D on a Hilbert space H, say i : A ^ ^{H)- Form 
the tensor product H(^l'^{P). Then define for every a in ^ a bounded operator by the 
formula rj®ex ^ i{a~^{a)){rj) for every tj & H and x G P. It is straightforward 
to check that these operators give rise to a homomorphism iA '■ A ^ C{H (8) £'^{P)) 
and that and ip := idn (8) A : C*{P) — )■ C{H (g> i'^{P)) satisfy the covariance 
relation Q. Thus we obtain by universal property of j4xi^P a homomorphism 
\A,p,a) ■■= iA>^ip: Ax-P ^ C{H®e{P)). We set A^l^.P := \A,p,aMKP) 
and call this algebra the reduced semigroup crossed product of A by P with respect 
to a. Using the same faithful representation i of A, the induced homomorphism ia '■ 
A C{H(S)f{P)) and the homomorphism id^ (8 A^^) : C*(^)(P) ^ C{H (g) (P)) , 
we can also construct a homomorphism ^^^^Pa) ■ ~^ C(H 'S>i'^{P))- Again, 

by universal property of ylxiJ^P, X(^A,p,a) = -^(a Po) °^(aVq)' ®° there is no difference 
between A xS',!^^ P := xf^2p^^){A xS'^"^^ P) and vlx^^^^P. 

Remark 2.5. Of course, we can consider right cancellative semigroups instead of 
left cancellative ones. Replacing left multiplication by right multiplication and right 
ideals by left ideals, we obtain analogous constructions. Alternatively, given a right 
cancellative semigroup P, we can go over to the opposite semigroup P°p consisting 
of the same underlying set P equipped with a new binary operation • given by 
p»q := qp. It is immediate that P°p is left cancellative and our constructions apply. 

With the obvious modifications, our analysis of C*-algebras associated with left 
cancellative semigroups (which is going to come) carries over to right cancellative 
semigroups. 

2.3. Direct consequences of the definitions. First of all, each of the C*-algebras 
C*(P) and C*^^\P) contains a distinguished sub-C*-algebra, namely the one gen- 
erated by the projections {ex- X G J} or {ex- X € J^^^}- Let us denote these 
sub-C*-algebras by D{P) and D'^^\P), i.e. 

D{P) := C*{{ex-- X eJ})Q C*{P) 

;= C*({ex: X G J^^)}) C C*^''\P)- 

We first observe that 

(10) 7r(u)(P»(P)) = P»(u)(P). 

The inclusion "C" is clear as ^ C J'^^\ and the reverse inclusion "5" follows 
immediately from relation Il(^).(iv) and the concrete description of J'^^^ in ([7]). 
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Moreover, we have the following 

Lemma 2.6. The families {ex- X € J} and {ex: X G J^^^} consist of commuting 
projections and are multiplicatively closed. 

Proof. This follows immediately from relation Il.(iii) and Il('-').(iii), respectively. □ 
Corollary 2.7. D{P) and D^^\P) are commutative C*-algebras. 

Moreover, D{P) =span({ex.- X G J}) and D^^\P) = spa3l({ex.- X G J^^)}). 

Furthermore, as another consequence of the definitions, we derive 

Lemma 2.8. For every p & P and X ^ J (X ^ J'^^^ ), we have v*exVp = Cp-ix in 
C*{P) (C*^'^\P)). 

Proof The proof is the same for C*{P) and C*^^\P). Take p G P and X G J' 
{X G J'(^)). We then have v*exVp = v*exVpV*Vp = v*exeppVp = v*exnpPVp = 
Vpep(p~ix)Vp = v*Vpep~ixV*Vp = Cp-ix- □ 

Corollary 2.9. For every p G P, conjugation by v* G C*{P) (v* G C*''^\P)) 
induces a homomorphism on D{P) (D^^\P)). 

Proof. This is a direct consequence of the previous lemma. □ 

From Lemma 12.81 and the description of J given in ([5]) , we immediately deduce 
Corollary 2.10. C*{P) is generated as a C*-algebra by the isometrics {vp.- p G P}. 

We also obtain the analoguous statement for C*^^\P): 

Corollary 2.11. C*^'~'\P) is generated as a C*-algebra by {vp-. p G P}. 

Proof. This either follows analogously from Lemma [2. 81 for C*^^\P) and the explicit 
description of JT*^^-* in ([7]) or with the help of the last corollary and the surjection 
7r(LJ) : C*(P) ^ C*{u)(p). □ 

Now, it follows from Corollarv 12.101 that the image of the left regular representation 
A : C*{P) C{f{P)) is precisely the reduced semigroup C*-algebra C*{P). This 
means that we can rewrite the commutative triangle ([8]) more accurately as follows: 

(11) C*{P) 

c*^'^Hp)^c;{p) 
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As we did before for the full semigroup C*-algebras, we consider a canonical sub- 
C*-algebra of C;(P): 

Definition 2.12. Dr{P) := C*{{Ex: X e J}) ^ ^^'^{P))- 

Recall that Ex is the orthogonal projection onto the subspace i'^{X) C ^^(P). 

It is immediately clear that A(D(P)) = Dr{P), so that Df.{P) is a sub-C*-algebra of 
C*{P). Dr{P) is obviously commutative and we have Dr{P) = span{{Ex- X £ J'}) 
since {Ex- X G J'} is multiplicatively closed. Because of X{D{P)) = Dr{P), the 
commutative triangle (llip . restricted to the distinguished commutative sub-C*- 
algebras, yields the commutative triangle 

(12) D{P) 

.(u) ^^^^ 

D(^){P)-^Dr{P) 

Another direct consequence of our constructions is that we can alternatively describe 
our constructions as semigroup crossed products by endomorphisms. For the reader's 
convenience, we recall the notion of semigroup crossed products by endomorphisms. 
Let P be a discrete semigroup and D a unital C*-algebra. Further assume that 
T : P ^ End (D) is a semigroup homomorphism from P to the semigroup End (D) 
of (not necessarily unital) endomorphisms of D. 

Definition 2.13. The semigroup crossed product Z?x^P is the up to canonical 
isomorphism unique unital C*-algebra which comes with a unital homomorphism 
in '■ D ^ Dyi%P and a semigroup homomorphism ip : P —?■ Isom(Z)x^P) subject 
to the condition ip{p)iD{d)ip{p)* = ini'^pio)) for allp £ P, d £ D and satisfying 
the following universal property: 

Whenever T is a unital C*-algebra, jp) : D ^ T is a unital homomorphism and 
jp : P ^ Isom (T) is a semigroup homomorphism such that the covariance relation 

(13) 3p{p)3D{d)jpipr = jD{Tp{d)) for aUpGP,dGD 

is fulfilled, there is a unique homomorphism jpt xi jp : Dxi^P T with {jp x 
jp) o ip = jo diT'd (jp X jp) o ip = jp. Here Isom(L'x^P) and Isom (T) are the 
semigroups of isometrics in Dx^P and T, respectively. 

Existence of Dxi^P is shown in |La-Raej . § 2; their condition (iii) is equivalent to 
uniqueness of jp x jp. 

Now, in our situation, there are canonical actions (i.e. semigroup homomorphisms) 
r : P ^ End(P)(P)) and r^^) : P End (^(^^(P)) given hy P B p ^ VpUv*. 
Conjugation by Vp gives rise to a homomorphism of C*{P) because Vp is an isometry, 
and D{P) {D^^\P)) is invariant under these homomorphisms by relation I.(ii). 
When we form the corresponding semigroup crossed products by endomorphisms, 
we obtain 
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Lemma 2.14. C*{P) is canonically isomorphic to D{P)yi%P, and C*^ '{P) is 
canonically isomorphic to x^j^j^P. 

Proof. Using the universal property of C*{P) and D(P)x^P, we can construct mu- 
tually inverse homomorphisms C*(P) ^ Z)(P)x^P. It is clear that the isometrics 
{ip{p): pePjC D{P)^%P and the projections {iD{P){ex)- X ^ j] D{P)y\%P 
satisfy relations I and II (in place of the VpS and exs), so that there exists a ho- 
momorphism C*{P) — )• D{P)yi%P sending Vp to ip{p) and ex to iD(P){^x) for all 
p € P and X £ J. Conversely, C*{P) together with the inclusion D{P) ^ C*{P) 
and the semigroup homomorphism P 3 p ^ Vp £ Isom (C*(P)) satisfies the covari- 
ance relation (jl3p because of relation I.(ii). Hence there exists a homomorphism 
D{P)'A%P — )• C*(P) sending ip{p) to Vp and iD{P){^x) to ex for all p G P and 
X £ J . By construction, these two homomorphisms are inverse to one another. 

Similarly, a comparison of the universal properties yields a canonical identification 

C*(U)(p) ^ P)(U)(P)>^e(^,P. □ 

More generally, we can also describe Z?x"P and D x"'^'^^ P as crossed products. 

Lemma 2.15. Ax^P and A Xq'-^'' P exist and are canonically isomorphic to [A® 
D{P))>^%^,P and {A0D(^\P))xl^^^^^P, respectively. 

Proof. By construction, ^xJ^P and {A (E) Z)(P))x^^^P have the same universal 
property. (Note that relation ([9]) implies that iAiA) and ip{D{P)) in Ax^P com- 
mute.) As {A (8) L)(P))x^^^P exists by |La-Raej . Proposition 2.1, we have proven 

our assertions about vlx^P. An analogous argument applies to A x^''^'* P. □ 

Another observation is that our constructions behave nicely with respect to direct 
products of semigroups. 

Lemma 2.16. Given two left cancellative semigroups P and Q, there are canonical 
isomorphisms 

C*{P xQ)^ C*(P) (g)inax C*{Q) given by v^p^g) ^Vp(EVq 
and C;{P x Q) ^ C;(P) (g)min C*{Q) given by V(p,g) ^Vp(g>Vg. 

Proof. For the first identification, we just have to compare the universal properties of 
these C*-algebras. The second identification is given by conjugation by the unitary 
£2(P) e\Q) ^e^PxQ)-e^®ey^ e^^^yy □ 

Remark 2.17. We can also identify C*^'^\P x Q) with C*^'^\P) «)maxC*(^)(Q) via 
^(p,g) ^ Vp® Vq. The problem is to show that there is a homomorphism D^^\P x 
Q) C*(^)(P)®m£«C*(^)(Q) which sends for ah X e Jp andY £ Jq the projection 
exxy to ex <8> ey . This has to be the case as we want that i'(p,g) is sent to Vp ® Vq 
for every p G P and q G Q. Once we know that such a homomorphism D^^\P x 
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Q) ^ ®max C*^''>{Q) exists, we can easily construct, using Lemma 12.141 

the desired homomorphism C*'-^\P x Q) ^ C*^^\P) 0niax C*'-^\Q) satisfying 
'^{p,q) '-^ Vp iS) Vq. It is also easy to construct the inverse homomorphism C*^^\P x 
Q) C*^^\P) (^max C*^^\Q). It turns out that such a desired homomorphism 
L>(u)(p X Q) ^ C*(^)(P) ®max C*(^)(Q) indeed exists (see Corollary EZHD • But the 
proof will have to wait until we have studied in more detail the relationship between 
and Dr{P). 

2.4. Examples. Of course, if P happens to be a group, then our constructions 
coincide with the usual constructions of group C*-algebras or ordinary crossed 
products. To be more precise, if P is a group, then the canonical homomorphism 
^(u) . c*{P) C*(^)(P) is an isomorphism. Moreover, C*{P) and C*{P) can be 
canonically identified with the full and the reduced group C*-algebra of the group P. 
Analogously, for every unital C*-algebra A and every (semi)group homomorphism 
P Aut(A), the canonical homomorphism ^^^^p^^ '■ Ax'^P A xIq^^^ P is an 
isomorphism. In addition, Ax^P and Ayi^j.P can be canonically identified with 
the ordinary full and reduced crossed product by the group P. The reason is that a 
group does not have any proper (right) ideals, so that both the families J7 and JZ*-^-* 
coincide with the trivial family {P, 0} in case P is a group. 

As we have already mentioned, our construction of semigroup C*-algebras extends 
the one presented by A. Nica in [Nij . Let us now explain in detail why this is the 
case: 

A. Nica considers positive cones in so-called quasi-lattice ordered groups. If we 
reformulate A. Nica's conditions in terms of right ideals, then a quasi-lattice ordered 
group is a pair (G, P) consisting of a (discrete) subsemigroup P of a (discrete) group 
G such that P H P^^ = {e} where e is the unit element in G, and for every n > 1 
and elements rri, . . . , x„ E G, 

n 

(14) P n ^{xi ■ P) is either empty or of the form pP for some p G P. 

i=l 

Note that for x in G, we set 

(15) x-P:= {xp: p e P} Q G. 

Comparing this notation with ours from ([1]), we obtain that for every p, q in P, 
q-^pP in our notation ([T|) is the same as {{q~^p) • P) HP in notation (jlSp . More gen- 
erally (proceeding inductively on n), we have for all pi, . . . gi, . . . , g„ in P that 
Qi^Pi ■ ■ ■ Qn^PnP in notation ([1]) coincides with Pr]{q^^pi)-Pn- ■ •n(gf ' ' ' Qn^Pn)' 
P in notation (jlSp . Therefore, for such a semigroup P in a quasi-lattice ordered 
group (G, P), the family J is simply given by 

(16) J = {pP: p E P} U {0} . 

In other words, the family J consists of the empty set and all principal right ideals 
of P. With this observation, it is now easy to identify A. Nica's construction with 
ours: 
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First of all, our definition of the reduced semigroup C*-algebra C*{P) is exactly the 
same as A. Nica's (see |Nij . § 2.4; A. Nica denotes his reduced semigroup C*-algebra 
by W(G,P)). 

Let us now treat the full versions. A. Nica defines the full semigroup C*-algebra of 
P (or of the pair {G,P)) as the universal C*-algebra for covariant representations 
of P by isometrics. He denotes this C*-algebra by C*{G,P). To be more pre- 
cise, this means that C*{G,P) is the universal C*-algebra generated by isometries 
{v{p): p £ P} subject to the relations 



iNica- v{p)v{q) = v{pq) 

{v{r)v{r)* if pP n qP = rP for some r £ P 
if n = 



IlNica- v{p)v{p)*v{q)v{qy 



for all p, q in P. Note that by condition ()14p . there are only these two possibilities 
pP n qP = rP for some r S P or pP qP = 0. 



Now we can construct mutually inverse homomorphisms C*{P) ^ C*{G,P) as fol- 
lows: Send C*(P) B Vp to v{p) G C*(G,P) and C*(P) 9 ex to G G*{G,P) 
if X = and to v{p)v{p)* if X = pP (compare (jl6p ). Such a homomorphism 
C*{P) C*{G, P) exists as relation I.(i) is exactly relation iNica and relation I.(ii) is 

satisfied as VpCqpy* i— )■ v{p)v{q)v{q)*v{p)* ^^'^ v{pq)v{pq)* and Cpqp i-7> v{pq)v{pq)* . 
Moreover, relations II. (i) and II. (ii) are obviously satisfied, and relation Il.(iii) corre- 
sponds precisely to relation IlNica- For the homomorphism in the reverse direction, 
set C*(P) 9 Up ^ v{p) € G*{G,P). Such a homomorphism exists because relation 
iNica is relation I.(i), and we have in G*{P) 

* * n.ii) * , i.iii) 

VpVpVqVq = VpCpVpVqepVq = CppCqP = e[pPf^qp] . 

If pP n qP is of the form rP for some r in P, then epPnqP = e.rp = VrCpv* = VrV*, 

1 1. (a) 

and ifpPnqP = 0, then e[ppngp] =60 = 0. Therefore, relation Ilmca is satisfied. 
Hence we have seen that C*(P) and G*{G, P) are canonically isomorphic. Moreover, 
we will also see in Corollary 12.291 that if P is the positive cone in a quasi-lattice 
ordered group, then the canonical homomorphism tt^'^^ : G*{P) C*^^\P) is an 
isomorphism. 



So for the special semigroups which A. Nica considers, our constructions indeed 
coincide with A. Nica's. We refer the reader to [Ni] . Sections 1 and 5 for concrete 
examples already discussed by A. Nica. 

Furthermore, let us compare our construction with the one in [C-D-Lj . Given a ring 
of integers P in a number field, the Toeplitz algebra T[P] is defined as the universal 
C*-algebra generated by 

unitaries 

isometries {sq: a G = R \ {0}} 
and projections {e/: (0)//<iP} 
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subject to the relations 

(17) u'saU'^Sc = u'^^^Sac 

(18) e/nj = e/ • ej, = 1 

(19) Saeisl = eai 

(20) vf'eiu-^ = e/ if 6 G / and vf'eiu-^ ± e/ if 6 ^ /. 

Alternatively, we can consider the ax + 6-semigroup over the ring of integers R. It 
is given by i? x i?^ = {(6, a): b e R,a e R^} where R^ = R \ {0}, and the binary 
operation is defined by {b,a){d,c) = (6 + ad,ac). Since i? is an integral domain, 
this semigroup R xi i?^ is left cancellative. So we can apply our construction and 
consider the semigroup C*-algebra C*{R xi R^). 

Our goal is to show that C*{R xi i?^) and T[i?] are canonically isomorphic. To see 
this, we first make two observations: 



The relations (jlSp and (|20p may be replaced by the stronger relations 

(21) eR = l 

(22) vf'eiu-^ = e/ for ah 6 G / 

(23) u'^e,,u-'^u^^e,,u-'^ = ^'^^^n/.n"^ if (6^ + /,) n (6, + /,) = d + n 

^ ^ ' ' \oif (6i + /i)n(62 + /2) = 0. 

First of all, it is easy to see that the two cases which appear in ()23p are the only 
possible cases. To see that the relations (fT7|) . (fT9]) . ([2T]) ~ (p3|) are actually equivalent 
to the relations (fT7|) - (pOj) . we have to prove that the relations pT|) - (pOj) imply 
()23p . The remaining implications are obvious. Now, if [bi + Ii) n (62 + 12) = 0; then 
—61 + 62 does not lie in Ii + /2- Hence 

^ V ' 

= by ll20t 

If (61 + /i) n (62 + /2) = d + /i n /2, then we can find elements ri, r2 G i? so that 
d = bi + ri = b2 + r2 ^ —61 + 62 = ''i — ^'2- We conclude that 

m fei n -ra 62 GlJ. Gl d -d 

= u u ei^ei^u u = u e[/jn/2]'" 



Moreover, using the fact that i? is a Dedekind domain (the definition of a Dedekind 
domain is for instance given in [Neil] . Chapter I, Definition (3.2)), we can deduce that 
every ideal (0) ^ I <R\s of the form / = ((c~^a) ■ R) Ci R for some a, c G R^ . (Here 
(•)~^ stands for the inverse in the multiplicative group of the quotient field of R.) 
A proof of this observation is given in |C-D-L] . Lemma 4.15. Here is an alternative 
proof: Since i? is a Dedekind domain, we can find non-zero prime ideals Pi, . . . , P„ 
so that / = P^^ ■ ■ ■ Pn" ■ By strong approximation (see [Bour2j . Chapitre VII, § 2.4, 
Proposition 2), there are a,c (z R^ such that 

aR = P^^ ■ ■ ■ Pn"Ia for some ideal la which is coprime to Pi, . . . ,Pn 
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and 

cR = I ale for some ideal Ic which is coprime to la and Pi, . . . , P„. 
We then have 

{c-'a)-R = P^^---P:"{Q-' 

so that 

((c~^a) ■R)nR = P^' ■■■ P^" = /. 
This proof shows that in an arbitrary Dedekind domain R, every ideal (0) 7^ /<l-R is 
of the form / = ((c~^a) ■ R) H R. As ((c~^a) ■ R) H R = c~^{aR) where on the right 
hand side, stands for pre-image (under left multiplication with c), it follows that 
for the semigroup i? x i?^, the family J is given by 

J = {{b + l)xl'': 6g P,(0) //^P} U{0}, 

where = / PI R^ = I \ {0}- Again, this not only holds for rings of integers, but 
for arbitrary Dedekind domains. 

We can now construct mutually inverse homomorphisms C*{R x R^) ^ ^[R\ by 
setting 

and 

^^(6,1) ^ u'', t;(o,a) ^ Sa, ejy,jx ^ 6/. 

To see that these homomorphisms really exist, we have to compare the relations 
from Definition O defining C*(i? x P"") with the relations ([IT]), ([19]) and (l2T]l ~ (f23D . 
It is easy to see that 

relation I.(i) corresponds to relation (fT7|l . 

relation I.(ii) for p = {0,a) £ R x R^ corresponds to relation (fT9l) . 
relation II. (i) is relation (j2ip . 

relation I.(ii) for p = (6, 1) € i? x P^ is relation ([22]) 
and relation Il.(iii), together with relation II. (ii), is relation ([23p . 
This proves that C*{R x R^) and T^[R\ are canonically isomorphic. 

2.5. Functoriality. At this point, we would like to address the question of functori- 
ality: Given a homomorphism ip : P Q between left cancellative semigroups, does 
ip induce a homomorphism of the semigroup C*-algebras by the formula Vp i— )• Vip{p)'^ 

It is not clear what the answer to this question in general is because the assignment 
Vp I— ?> ^^{p) has to be compatible with the extra relations we have built into our 
constructions. One thing that is clear is that a homomorphism C*{P) — )• C*{Q) 
is uniquely determined by the requirement that Vp is sent to w<^{p) for all p in P. 
The reason is that C*{P) is generated as a C*-algebra by the isometrics Vp (see 
Corollary I2.10p . However, for special semigroups, namely ax + 6-semigroups over 
integral domains, we can say more about functoriality. 

We consider the following setting: Let R be an integral domain, i.e. a commutative 
ring with unit but without zero-divisors. As we did before in the case of rings of 
integers, we can form the ax + 6-semigroup Pr over R. To be more precise, Pr is 



16 



XIN LI 



the semidirect product R x , where R^ = R \ {0} acts multiphcatively on R. 
This means that Pr = {(6, a): b G R,a & R^} and the binary operation is given by 
{b,a){d,c) = {b + ad,ac). Pr is left cancehative because R has no zero-divisors. 
Thus we can form the semigroup C*-algebra C*{Pr). Let us describe the family 
Jp^ given by ([5]) for this semigroup Pr. Given an ideal / of R, we denote its image 
under left multiplication by a € R^ by a/ and its pre- image under left multiplication 
with a € R^ by a~^I, i.e. al = {ar: r € /} and a~^I = {r G i?: ar G /}. Let I{R) 
be the smallest family of ideals of R which contains R, which is closed under left 
multiplications as well as pre-images under left multiplications, i.e. a € R^,I G 
I{R) al,a-^l € and finite intersections, i.e. /, J G I{R) ^ / n J G 1{R). 

By definition, we have 

(N 

Z[R) = I P|(cj,i) ^Oj,! • • • (cj,„^) ^aj^n-jR-- N,nj G Z>o; a^^fc, c^^a; G R 
(j=i 

We then have 

JPn = {{b + I) X I"": 5Gi?,/GZ(i2)}u{0}, 
where />< = / n i?^ = / \ {0}. 

Now assume that S is another integral domain, and let Ps be the ax + 6-semigroup 
over S. Moreover, let (p he a ring homomorphism R ^ S. If (p is injective, it 
induces a semigroup homomorphism ip : Pr Ps which sends Pr 3 (6, a) to 
{4>{b) , <p{a)) G Ps- Extending the functorial results on Toeplitz algebras associated 
with rings of integers in number fields from [C-D-L], Proposition 3.2, we show that 
there exists a homomorphism C*{Pr) — ?> C*{Ps) sending Vp to for every p £ P 
if ip comes from a ring monomorphism <j) such that the quotient S/<j){R) (in the 
category of (/)(i?)-modules) is a fiat <j){R)-module. 

Lemma 2.18. Assume that for all ideals I and J of R which lie in I{R), we have 

(a) {cPiI)S)n<PiR) = cPiI) 

(b) (i){i)S n 0(J)5 = n J)S. 

Then there exists a homomorphism C*{Pr) — )■ C*{Ps) sending Vp to f^(p) for every 
P G Pr- 



By 4>{I)S, we mean the ideal of S generated by 0(1). 



Proof. By universal property of C*{Pr), there exists a homomorphism C*{Pr) 
C*{Ps) sending C*{Pr) 3 Vp to v^^p) G C*iPs) for every p e Pr and C*{Pr) B 
e[(6+/)x/x] to e[(<^(f,)+^(7)s)x(0(/)s)x] G C*{Ps) for every b e R, I e X{R). To see 
this, we first of all have to prove that for every (6 + /) x G .^p^, the right ideal 
{(pih) + (t){I)S) X {(t){I)SY hes in Jp^. It suffices to show that for every / G 
the ideal (j){I)S lies in X(5'), where 

( N 

^(.S) = \ f^i.'^jA) ^aj,i • • • (cj.nj ^aj^rijS: N,nj G Z>o; aj,fc, Cj,fc G S 



SEMIGROUP C*-ALGEBRAS AND AMENABILITY OF SEMIGROUPS 17 

All we have to prove is that for all a,c £ and every I £ I{R), we have 

(24) 0(al)5 = 0(a)(</.(/)5), 

(25) cp{c-'i)s = ct>{cr\ms). 

(j24l) is obviously true. For (j25p . we observe that 

(l){c){(t>{c-^I)S) = (t>{c{c-^I))S = (t>{I n cR)S 

= (t>{i)S n 4>{cR)S = 4>{i)S n 0(c)5 = (t>{c){(p{c)-^{(t>ii)S)). 

Applying (t){c)^^ to both sides of this equation yields (p{c~^I)S = (p{c)^^ {(j){I)S), as 
desired. 

Moreover, we have to check that the map 

Jp^ 9 (6 + /) X ^ (0(6) + 0(/)S) X (0(/)5)^ G 

is compatible with left multiplications, taking pre-images under left multiplications 
and finite intersections. ()24|) and ()25p imply compatibility with left multiplications 
and taking pre-images under left multiplications. It remains to prove compatibility 
with finite intersections. More precisely, we have to show that if 

(26) ((6 + /)x/^)n((d+J)x J><)=0, 
then 

(27) ((</.(6) + ci>ii)s) X m)sr) n am + ms) x imsr) = 0, 

and if 

(28) ((6 + /) X /^) n {(d+J) X J^) = (r + /n J) X (In J)'' for some r e R, 
then 

(29) ((0(6) + 0(7)5) X (0(7)5) X) n ((0(d) + 0(J)5) x (0(J)5)><) 

= (0(r)+0(7n J)5) X (0(7n J)5)\ 

Now ([26]) holds if and only if (6 + 7) n (d + J) = 6 - d ^ 7 + J. If the difference 
b — d does not lie in 7 + J, then 0(6) — 0((i) does not lie in 

0(7 + J) 0(7 + J)S n 0(7?) = (0(7)5 + 0(7)5) n 0(7?). 

Hence 0(6) -0((i) does not lie in 0(7)5+0(7)5. This implies (0(6) + 0(7)5) n (0(d) + 
0(7)5) = 0, and (HZD follows. Moreover, ([28]) holds if and only ff {b + I)n{d+ J) = 
r + I n J <^ r € (6 + 7)n(d+J) for some r £ R. If r lies in 6 + 7, then 0(r) lies 
in 0(6) + 0(7)5. Similarly, 0(r) lies in 0(d) + 0( J)5 if r lies in d + J. Thus if (p8]) 
holds, then 0(r) lies in (0(6) + 0(7)5) fl (0(d) + 0(7)5). This implies 

(0(6) + 0(7)5) n (0(d) + 0(7)5) = 0(r) + 0(7)5 n 0( J)5 0(r) + 0(7 n J)5. 



This implies ([29]). □ 

Corollary 2.19. Assume that (p : R ^ S is an inclusion of integral domains such 
that the quotient S/(p{R) of the (j){R) -module S by the (p{R) -module (piR) (in the 
category of 4>{R) -modules) is a flat (p{R) -module. Let Pr and Ps be the ax + 6- 
semigroups over R and S, respectively, and let ip : Pr — )• Ps be the semigroup 
homomorphism induced by 0. Then there exists a homomorphism $ : C*{P[i) — )• 
C*{Ps) sending C*{Pr) 3 Vp to v^^p) G C*{Ps). 
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We remark that the condition of flatness aheady appears in |C-D-Lj . Lemma 3.1. 



Proof. If S/(t)[R), the quotient in the category of (?!>(i?)-modules of S by (/'(-R), is a 
flat (/)(i?)-module, then S itself is a flat 0(i?)-module by |Bourlj . Chapitre I, § 2.5 
Proposition 5 using that (j){R) is flat as a module over itself. Therefore, conditions 
(a) and (b) from the previous lemma are satisfled, see for instance [Bourlj . Chapitre 
I, § 2.6 Proposition 6 and Corollaire (to Proposition 7). □ 

2.6. Comparison of universal C*-algebras. In the last part of this section, let 
us compare the universal C*-algebras C*{P) and C*^^\P). Our goal is to flnd out 
under which conditions the canonical homomorphism vr^^^ : C*{P) — )• C**-^^(-P) is 
an isomorphism. It will be possible to give a criterion in terms of the constructible 
right ideals of P. As a flrst step, we take a look at the commutative sub-C*-algebras 
D{P) and D^^\P) of C*{P) and C*^^'^{P). Our investigations will also involve the 
commutative sub-C*-algebra Dr{P) of the reduced semigroup C*-algebra. 

Lemma 2.20. Let D he a unital C*-algehra generated by commuting projections 
{/«}jg/- For a non-empty finite set F Q I and a non-empty subset F' C F, define 
the projection e{F',F) as 

e(F',F):=(n/.)-( H " Z^))' 

ieF' i&F\F' 

Then, given a C*-algehra C , a homomorphism ip : D —?■ C is injective if and only if 
for every non-empty finite subset F <^ I and ^ ^ F' Q F as above, 

(30) ^{e{F', F)) =0 inC implies e{F' , F) = in D. 

Proof. If (f is injective, then certainly ip(e{F',F)) = must imply e(F',F) = 0. 
To prove the reverse implication, we set Dp := C*{{fi: i € F}) C D for every 
non-empty flnite subset F C I. The non-empty flnite subsets of / are ordered by 
inclusion, and we obviously have 

D= \J Dp. 

d^FCI finite 

So it remains to prove that if condition (pOj) holds for a non-empty finite subset 
F C /, then (p\Dp is injective. 

But since the projections {/j: i € F} commute, it is clear that the projections 
e{F',F), % ^ F' Q F are pairwise orthogonal. This implies that 

Df= ® C-e{F',F). 



Hence it follows that ^\dp is injective if and only if (|30p holds for every non-empty 
subset F' ofF. □ 
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As a next step, we work out how the projections e{F' , F) look hke in the following 
situation: Let D = D^'^HP), I = J^^) ^nd for every X G J^^)^ g 
C*(u)(p) (ggg Definition [23D. 

Lemma 2.21. For every non-empty finite subset F C J'(^) and every 9 ^ F' Q F, 
there exist X,Y e J^^^ with Y QX such that e{F',F) = ex - ey. 

Proof. Let us proceed inductively on \F\. The starting point \F\ = 1 is trivial. We 
assume that the claim is proven whenever |F| = n. Let -F be a finite subset of 
J^(u) ^ith \F\=n + 1. If F' = F then our assertion obviously follows from relation 
Il(^).(iii). If 7^ F' C F, then we can find a subset F„ of j(^) with |F„| = n and 
F' Fn 'Z F. Let F = F„ U {Xn+i}- We know by induction hypothesis that there 
exist Xn,Yn G JT"*-^-* with Yn Q Xn such that e{F',Fn) = ex„ — ey„. Therefore, 

e{F',F) = e(F',F„)(l - ex„+J = (ex„ - eyj(l - ex„+J 

Il(u)^{m) II<u^{to) 

= ex„ - ey„ - e[x„nx„+i] + e[y„nx„+i] = ex„ - e[y„u(x„nx„+i)]- 
Set X = Xn, Y = YnU {Xn n Xn+i) and we are done. □ 
Corollary 2.22. A^^^ |£){u)(p) : D^'~'\P) — > Dj.{P) is an isomorphism. 

Proof. It is clear that AC-') |£,(u)(p) is surjective, thus it remains to prove injectivity. 
We want to apply LemmaE^Qlto D = D^^\P) = C*{{ex: X G J^^'^}), C = Dr{P) 
and if = A^'-') |£){u)(p). For a non-empty finite subset F C J^^) and 7^ F' C F, 
Lemma [221] tells us that there are X,Y e j'-^^ with Y Q X such that e{F',F) = 
e-x — ey. Now A*^^^(ex — ey) = Fx — Fy, and Ex — Ey vanishes as an operator on 
f{P) if and only ii X = Y. But X = y obviously implies e(F', F) = ex - ey = 
in D^^\P). Therefore, Lemma 12.201 implies that A^^^ |£,{u)(p) must be injective. □ 

Corollary 2.23. Given two left cancellative semigroups P and Q, we can identify 
(j*(^){p X Q) with C*^'~'\P) (8>max C*^'~'\Q) via a homomorphism sending V(^p^q^ to 
Vp ® Vq for every p ^ P and q (z Q. 

Proof. As explained in Remark 12.171 we have to do is to construct a homomor- 
phism F(u)(F X Q) ^ C*(^)(F) (g)max C*(^)(Q) which sends for ah X e Jp and 
Y G the projection exxY ex 'S' ey- But we know by the previous lemma that 
F(u)(P xQ)^DriPxQ), F(u)(P) ^ DriP) and D^^\Q) ^ DriQ). Moreover, the 
isomorphism C*{P x Q) = C*.{P) (^mm C*{Q) from Lemma r2 . 1 61 obviously identifies 
Dr{P X Q) with Dr{P) (8>min F)r{Q). Thus the desired homomorphism is given by 

F(U)(P xQ)^Dr{PxQ)^ DriP) ®mm Dr{Q) ^ Dr(P) 0max Dr{Q) 

^ d(u)(F) ®^ax ^ C*(^)(F) ^^ax 

□ 

Now we come to the main result concluding this circle of ideas. 
Proposition 2.24. The following statements are equivalent: 
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(i) IfX = U"=i Xj for X,Xi,...,Xne J, then X = Xj for some l<j<n. 

(ii) vr^^) |/)(p) : D{P) — > D^^\P) is an isomorphism. 

(iii) 7r(^) : C*{P) — > C*^'~'\P) is an isomorphism. 

(iv) There exists a homomorphism A(lJ) : C*(u)(P) ^ C*(^)(P) ®max C'*(^)(P) 
which sends (for all p G P) Vp to Vp®Vp. 

(v) There exists a homomorphism A^^ : D^^^P) D^^\P) ® ma^ D^^\P) 
which sends (for all X ^ J ) ex to ex ® ex- 



Proof, "(i) (ii)": Since by Corollary \2.22\ A^'-'^ |£){u)(p) is an isomorphism and 

because we always have A = A*^^-* o vr*^^), statement (ii) is equivalent to "X\d{P) is 
an isomorphism". A|£)(p) is obviously surjective, so it remains to prove injectivity. 
We want to apply Lemma E^Q] to D = D{P), I = J, fx := ex G D{P) for 
X ^ J', C = Dr{P) and ip = X\d{p)- Given a non-empty finite subset F C J' and 
/ F' C F, it is immediate that A(e(F',F)) = ^[(n;^,^^, X')\(UyeF\F' '^)] ^^^^^ 
^[{f] I I ^')\{U \ ' ^)] orthogonal projection onto the subspace 

(( n ^')\( u ^)) ^^'(^)- 

\ x'eF' YeF\F' / 

Assume that \{e{F',F)) vanishes. Then X := f]^,^p,X' must be a subset of 

UyeF\F' ^^^^ ™ ^'^'^ — UyGF\F' ^ implies X = UyGF\F'(-^ ^ ■^)- 

But statement (i) tells us that this can only happen if there exists Y F\F' with 

1 1. (iii) 

Y n X = X, OT equivalently, X Q Y. Thus ex = exnY = ex ■ ey, and we 
conclude that ex(l — ey) = 0. Hence it follows that 

e(F', F) =exil- ey) ■ H - ^z) = 0. 

So we have seen that condition (pOj) holds. Therefore A|£)(p) is injective. 

"(ii) (iii)": This follows from the crossed product descriptions of C*{P) and 
C*^^\P) from Lemma [2. 141 and the fact that tt^'^''\d{p) is P-equivariant with respect 
to the actions r and t^^\ 



"(iii) =^ (iv)": It follows from universal property of C*{P) that there exists a 
homomorphism A : C*{P) — > C*{P) (8>max C*{P) which sends to Vp Vp G 
C*(P) C*{P) C C*(P) 0n,ax C*(^') and ex to ex ex G C*{P) C*(P) C 
C*{P) 0max C*{P) for every p ^ P and X ^ J . The reason is that relations I and 
II are obviously valid with Vp in place of Vp and ex ex in place of ex • Now 
set A(u) := ((7r(u))-i 0^,, (^(^))-i) o A o 7r(u). 

"(iv) ^ (v)": Just restrict A^^) to D^^^^P), i.e. set A^^^ := A(u) |^(u)(p). 

"(v) =^ (i)": Let -D be the sub-*-algebra of D^^\P) generated by the projections 
{ex: X e J^*^)}. By relation Il(u).(iii), the set {ex: X e J} is multiplicatively 



SEMIGROUP C*-ALGEBRAS AND AMENABILITY OF SEMIGROUPS 



21 



closed, and by relation Il(^).(iv), D = span({ex: 7^ X G J^})- Restricting to 
D, we obtain a homomorphism D ^ D Q D which is determined by ex '—^ ex ex 
for every X € J. Let us denote this restriction by A/j. 

We can now deduce from the existence of such a homomorphism Ad that the set 
{ex- 7^ X € J^} is a C-basis of D. As {ex- 9 7^ X £ J'} generates D as a, C-vector 

space, we can always find a subset J' of J'\{0} such that je^: X £ is a C-basis 
for D. It then follows that |ej^ (8) e-p: X,Y £ ^| is a C-basis oi D Q D. 

Now take / X G J'. We can find finite subsets {Xi} C ^ and {ai} C C with 
ex = Zjajex,- Applying A^ yields 

^^aiUjex, ®exj = ex ® ex = Aniex) = ^^aiAoiex,) = ^OiCx, ® ex,- 

i,j i i 

Hence it follows that among the OjS, there can only be one non-zero coefficient which 
must be 1. The corresponding vector ex^ must then coincide with ex- This implies 

ex^[ex- X i.e. {ex'- <!} ^ X e J} = ^e^- X G } is a C-basis of D. 

Now assume that there are X,Xi, . . . , Xn G with X = Uj=i -^j- We necessarily 
have Xj C X for all 1 < j < n. Moreover, Xj C X implies ex^ < ex because 
X{eXj) = Exj < Ex = A(ex) as concrete operators on £^{P). Using relation 
Il(u).(iv), we obtain from X = U"=i Xj that 

07^FC{l,...,n} 

holds in D. But if all the XjS (1 < i < n) are strictly contained in X, then 
(f3T]) would give a non-trivial relation among ex and those projections e^p jj^^.j, 

7^ F C {1, . . . ,n} which are non-zero. But this contradicts our observation that 
{ex- 7^ X G JT"} is a C-basis of D. Hence we conclude that one of the XjS must 
be equal to X. This proves (i). □ 

Remark 2.25. This proposition does not really have much to do with semigroups. 
It actually is a statement about families of subsets of a fixed set and a projection- 
valued spectral measure defined on this family. 

Definition 2.26. We call J independent (or we also say that the constructihle right 
ideals of P are independent) if the right ideals in J satisfy (i) from Proposition \2. 24\ 



Note that statement (i) is equivalent to the following one: For all X, Xi, X„ in 
such that Xi, Xn are proper subsets of X (Xi C X for all 1 < i < n), then 
IJ"^;^ Xi must be a proper subset of X (UILi £ 

Corollary 2.27. The constructihle right ideals of P are independent if and only if 
the restriction of the left regular representation to the commutative sub- C*- algebra 
D{P) of the full semigroup C*-algehra C*{P) is an isomorphism- 
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Proof. This follows immediately from the equivalence of (i) and (ii) in Proposi- 
tion [2:241 and from Corollary ^l2[ □ 

An immediate question that comes to mind after Proposition 12.241 is which semi- 
groups have independent constructible right ideals. The general answer is not known 
to the author. But we can discuss two particular cases: 

Lemma 2.28. The constructible right ideals of the positive cone in a quasi-lattice 
ordered group are independent. 

Proof. This follows immediately from the observation that for a semigroup P which 
is the positive cone in a quasi-lattice ordered group, the family J' consists of the 
empty set and all principal right ideals of P, see ([16]) . □ 

As an immediate consequence of this lemma and Proposition 12.241 we obtain 

Corollary 2.29. If P is the positive cone in a quasi-lattice ordered group, then the 
canonical homomorphism tt^^^ : C*{P) — )• C*^^\P) is an isomorphism. 

Another class of semigroups with independent constructible right ideals is given as 
follows: 

Lemma 2.30. Let R be a Dedekind domain. Then the constructible right ideals of 
the ax + b-semigroup Pr over R are independent . 

Proof. Recall that we have shown above when we identified Toeplitz algebras of rings 
of integers with full semigroup C*-algebras of the corresponding ax + 6-semigroups 
that 

JPn = {{b + I) x/^ beR,iO)^I<R}u{?l}. 
Assume that we have 

n 

(6 + /)x/x = U(6,+/,)x/j< 

with [bj + Jj) X C (6 + /) X for all 1 < j < n. Then it follows that / = U"=i Ij 
with Ij C / for all 1 < j < n. 

Because i? is a Dedekind domain, we can find non-zero prime ideals Pi, P/v of R 
so that 

I = P^^ ... p'^f for some M < iV and z^i, . . . , z^m > 

and 

I J = p^''^ . . . Pl^''i . . . p^^-^ for some > with Uij > Ui for all 1 < i < M. 

By strong approximation (see |Bour2] . Chapitre VII, § 2.4, Proposition 2), there 
exists X £ R with the properties 

(*) X eP^'X Pl''^^ for all 1 < i < M 
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(**) x^Pi for all M <i<N. 

(*) implies that x lies in /. But x does not lie in Ij for any 1 < j < ra: If Ij C P^ 
for some M < i < N, then (**) implies that x ^ Ij ^ Pi. If Ij is coprime to Pi for 
all M < f < iV (i.e. z/jj = for ah M < i < A'"), then C / implies z/jj > i/j for 
some 1 < i < M. So (*) implies that x ^ Ij Q p."^*'^ c P.'^*^"'^. But this implies that 
I £ Uj'=i which contradicts our assumption. □ 

In particular, the constructible right ideals of the ax + 6-semigroup Pr over the 
ring of integers i? in a number field are independent. So by Corollary 12.271 the left 
regular representation restricted to the commutative sub-C*-algebra D(Pr) is an 
isomorphism. This explains Corollary 4.16 in |C-D-L] (T[i?] in [C-D-Lj is canonically 
isomorphic to C*{Pr) as explained above, and T in [ C-D-Lj is C*{Pr)). 

Remark 2.31. In the proof of Lemma 12.301 we have just shown that whenever 
given non-zero ideals I, Ii, /„ of a Dedekind domain R such that Ii, In are 
proper subsets of /, then ljr=i ^ proper subset of /. This means that already 
the non-zero ideals of a Dedekind domain are independent. 



3. A VARIANT OF OUR CONSTRUCTION FOR SUBSEMIGROUPS OF GROUPS 

Given a subsemigroup of a group, let us now modify our construction of full semi- 
group C*-algebras. We impose extra relations besides the ones from Definition 12. 2[ 
These relations are motivated by the following 

Lemma 3.1. Let P be a subsemigroup of a group G. Given pi, qi, pm, Qm in P 
with p^^qi ■ ■■p-^qm = e inG, then V*^Vq, • • • V^^Vg^ = ^[^-ip^.-.g-ip^p] in C*{P). 

Proof For x e P, we have P^[q-^p^...q-^p-,pfx = £x if x G P^Pm-'-qi^PiP and 
^[<i~^Pm-<i^^piP]^^ = if x ^ qm^Pm ■ ■ ■ Qi^PiP- A direct computation yields that 

(^Pi ■ ■ ■ ^pm^qm){^x) 7^ if and only if x lies in q~^Pm ■ ■ ■ Qi^PiP, and in this case, 
we have {Vp\Vq, ■ ■ ■ V;^VqJ{£,) = e^-i^^.^p-i^^^ = e^. □ 

Definition 3.2. Let P be a subsemigroup of a group G. We let G*{P) be the uni- 
versal C*-algebra generated by isometries {vp: p € P} and projections {ex: X € ^7} 
satisfying the following relations: 

L Vpq — VpVq, 
II. 60 = 0, 

IIIg. whenever Pi, qi, . . . ,Pm,qm S P satisfy p^^qi ■ ■ ■p;n^qm = e inG, then 



for all p, q in P and X, Y in J . 
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As before, we set Ds{P) 
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= C*i{ex: X eJ})QC:{P). 



By universal property of C*{P) and Lemma |3.H there exists a homomorphism A : 
C*{P) C;{P) determined by X{vp) = Vp and X{ex) = Ex- In particular, C*{P) 
is non-zero. 



It turns out that relation IIIg implies the relations I.(ii), II- (i) and Il.(iii) from 
Definition 12.21 Here is an equivalent way of formulating this: 

Lemma 3.3. There is a surjective homomorphism Tig ■ C*{P) C*{P) sending 
C*{P) 3 Vp to Vp £ C*{P) and C*{P) 3 ex to ex G C*{P). 



Proof. It suffices to check that such a homomorphism exists. We have to show that 
the relations I.(ii), II. (i) and Il.(iii) from Definition 12.21 are satisfied in C*{P). The 
universal property of C*{P) will then imply existence of vr^. 

II. (i) holds in C*{P) as ep v^Ve = 1. To proceed, we first prove a general result 
about the family of constructible right ideals of P, namely, that it is automatic that 
is closed under finite intersections, i.e. 

(32) J = {gf Vi • • • q;n^Pn.P- m > l;pi, qi G P} U {0} . 

To prove (132p . we first show that for every pi, G P and every subset X of P, 

(33) V • • • Qm^PmPmQm ' ' ' Pi^QiX = {q^^pi ■ ■ ■ q^y^PmP) n X. 
We proceed inductively on m: 

"m = 1": 

(34) qi'piPi'qiX = q^\{piP) n q^X) = {q^'piP) H X. 
''m ^ m + 1": 

Ql^Pl ■ ■ ■ Qm+lPm+lPm+lQm+l ' -Pi^qiX 
= (Qi^PI ■ ■ ■ q^Pm){q:^j,iPm+lPrn+l<lm+l{Pm(lni ' ■■Pi^qiX)) 

^ {Ol^Pl ■ ■ ■ <lmPm){{qm+lPni+lP) H {pVnIm ' ' ' Pi^'qiX)) 
= {qi^Pl ■ ■ ■ q^+lPm+lP) n (gf^Pl • • • qmPmPmlm ' ' ' Pi^QlX) 

= {(h^Pi ■ ■ ■ (Im+iPm+iP) n (gf • • • Qm^PmP) H X (by induction hypothesis) 
= {Qi^Pi ■ ■ ■ qm+iPm+iP) n X (as q^^pi ■ ■ ■ g^^, ^p^+iP C q-^pi ■ ■ ■ q:„}pmP). 



This proves ([33)1 . 

We deduce that the right hand side in (j32]) is closed under finite intersections. This 
implies by definition of J that "C" in (j32p holds. As "5" obviously holds as well, 
we have proven ([32]) . 
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Let us now show that I.(ii) and Il.(iii) from Definit: 
a special case of (f33]l {X = P), we obt 

, , 1 1 1 



(35) 

Take pe P, X 



ion 12.21 are satisfied in C*(P). As 

tain 



Sn'TnP G J ■ Then 



Qi^Pi ■ ■ ■ QmPmP e J and Y = s^^n ■ ■ ■ 



IHg 



- VpV*g^Vp^ ■ ■ ■ Vq^Vp^Vp^Vq^ ■ ■ ■ V*^Vq^V* - e[pg-lpi...g-lp„p„lg„...p-lgip-lp] 



ll35l l _ 

This proves I.(ii). Moreover, 









13511 






IHg 




• V* V„ V* Vn ■ ■ ■ V* Vrn V*, f ^ ■ ■ ■ vt Vr vl f , 

qm Pm Pm Hm Pl 91 Si '1 Sn ' n r,i *n 


IHg 




s^^rnrn^Sn---r^-'-si{q~^pi---q:;^^PmPm^qm---Pi'''qiP)] 


ll33t 




■■s^^r„P)n{q{'^pl---q^^PmPm^qm---Pi^qiP)] 






■■s:;^^r„P)n{q^^pi-q^^Pm.P)] = ^^nr- 



□ 



It follows from Corollary 12. 101 that C*{P) is generated by the isometries {vp: p G P}. 
By construction, we have a commutative triangle 

C*{P) 



CI{P)^C*{P). 

Since 'irs{D{P)) = Ds{P), we can restrict this triangle to D{P) and obtain another 
commutative diagram 

D{P) 

X 



Ds{P)^Dr{P). 

As TTg '■ D{P) DsiP) is surjective, we deduce from Corollary 12.271 

Corollary 3.4. If the constructible right ideals of P are independent, then A|£)^(p) : 
Ds{P) — )• Dr{P) is an isomorphism. 



Moreover, we obtain by universal property of C*{P) a homomorphism 
(36) A : C; (P) C*, (P) C*, (P) ,vp^vp®vp,ex^ex®ex. 
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In the definition of C*{P), we liave used tlie inclusion P C G. However, tlie C*- 
algebra C*{P) is independent from G (up to canonical isomorphism). Namely, G*{P) 
can be viewed as G*{P) with the extra relations 111^ by Lemma 13.31 To show 
independence, let P Q Gi and P C G2 be two embeddings. We want to see that IIIgi 
and give the same relations. As we do not add relations if er -1 -1 d1 = 

in IIIg, all we have to show is that for all pi, qi, pm, qm in P, 
(37) p^\i ■ ■ ■ p;^qm = e in Gi and e[^-ip^...^-ip^p] / 

^ Pi\i ■ --P^n^m = e in G2 and e[^-ip„^...g-ip^p] / 0. 

Once this is proven, we conclude that C*(P) is independent from the group into 
which we embed P. By symmetry, it suffices to prove "=^". Take pi, qi, pm, Qm 
in P such that p7^qi ■ ■ ■pz}qm = e in Gi and er„-i „-i pi 7^ 0. As the latter 

condition implies q'^Pm ■ ■ ■ Qi^PiP 7^ 0, we can choose x G q^Pm • • • Qi^PiP- Then 
on f{P), we have iV*^Vg^ ■ ■ ■ Vp^Vq^){e^) = as p^^qi ■ ■■p:;^qm = e in Gi. But 
we also have {V*^Vq^ ■ ■ ■ V*^VqJ){ex) = f^p-ig^.^p-ig^a; where this time, the product 
Pi^li ■ ■ 'Pm^QmX is taken in G2. Thus we have Pi^qi ■ ■ -p^qmX = x in G2, hence 
Pi^Qi ■ ■ -P^Qm = e in G2. This proves ([37]). 

We remark that we can also define C*^^\P) (see §[2]) and crossed products Ax^ ^P 
as in § 12.21 But since these constructions will not be needed, we do not go into the 
details here. 



3.1. Examples of subsemigroups. It is not clear for which semigroups tTs ■ 
G*{P) — 7> G*{P) is an isomorphism. But in typical examples, we see that condition 
IIIg is already satisfied in G*{P). 

For instance, let (G, P) be a quasi-lattice ordered group as in § 12.41 In that case, IIIc 
is automatically satisfied in G*{P). Namely, given p, q in P such that (pP) fl (qP) 7^ 
0, we can find r G P such that (pP) fl {qP) = rP, and then v*Vq = v*VpV*VqV*Vq = 
v*VrV*Vq = Vp-ij.v*_i^. Applying this several times, we can write v*_^Vq-^ ■ ■ -Vp^Vq^ 

as v^v* for some x,y e P if e[g-ip^^^...^-ip^p] / 0. Now if p^^qi ■ ■■Pmlm = e in 

G, then xy~^ = e in G, hence x = y. Therefore, Vp^Vq^ ■ ■ ■ v*^Vq^ = VxV* is a pro- 
jection, and we deduce V*^Vq, ■ ■ ■ V^^Vq^ = iv*^Vq, ■ ■ ■ V;^VqJ*{v*^Vq, ■ ■ ■ V*^VqJ = 

Another class of such examples is given by left Ore semigroups. 

Definition 3.5. A semigroup P is called right reversible if for every p, q in P, we 
have (Pp) n (Pq) / 0. 

Definition 3.6. A semigroup is called left Ore if it is cancellative (i.e. left and right 
cancellative) and right reversible. 



We have the following 
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Theorem 3.7 (Ore, Dubreil). A semigroup P can be embedded into a group G such 
that G = P^^P = {^"^p.' p,q ^ P} if and only if P is left Ore. 

The reader may consult [Cl-Pr| . Theorem 1.24 or [La], § 1.1 for more explanations 
about this theorem. For later purposes, we also introduce the following 

Definition 3.8. A semigroup P is called left reversible if for every p, q in P, we 
have (pP) n {qP) / 0. 

Definition 3.9. A semigroup is called right Ore if it is cancellative and left re- 
versible. 

The analogue of Theorem 13.71 is 

Theorem 3.10 (Ore, Dubreil (right version)). A semigroup P can be embedded into 
a group G such that G = PP~^ = {pq~^: p,q (z P} if and only if P is right Ore. 

Now let us see that for a left Ore semigroup, condition IIIc is already satisfied 
in G*{P). Given p, q in P, there exist by right reversibility r, s in P such that 
rp = sq. Thus VgV* = v*VsVqV* = v*VrVpV*. Applying this several times, we can 
write Vp^Vq^ ■ --Vp^Vq^ as VyVxex for some X e J. If Pi^qi ■ ■■p^qm = e holds 
m G = P-^P, then y = e in G, hence x = y. Thus we again conclude that 
^Pi'^qi ■ ■ ■ ^pm^9m = v^VxCx is a projection, and the same argument as in the quasi- 
lattice ordered case gives v*p^Vq^ ■ ■ ■ v^^Vq^ = e[g-ip„...q-ip^p] in C*{P). 

3.2. Conditional expectations. We conclude this section with a few observations 
which will be used later on. First of all, there is a faithful conditional expectation 
Er : Cil'^iP)) ^°°{P) C C{i'^{P)) characterized by 

{£r{T)ex,ex) = (Te,,£..) for ah T G Cif{P)),x G P 

Here 1°°{P) acts on 1^{P) by multiplication operators. 

Lemma 3.11. If P embeds into a group G, then £r{G*.{P)) = Dr{P). 

Proof As Dr{P) C i'^{P), it is clear that £riC*{P)) contains Dr{P). It remains to 
prove "C". By the definition of the reduced semigroup C*-algebra, we have 

C:{P) = sm{{Vp\Vq, ■ ■ ■ Vp*^Vq^: m G Z>o; Pi,qi G P for ah 1 < i < m}). 

So it suffices to prove that for every pi,qi, . . . ,pm,qm S P, £riV*^Vq^ ■ ■ ■ Vp^Vq^) G 
Dr{P). Set y := Vp^Vq^ ■ ■ ■ V*^Vq^. It is clear that for every x G P, Vex is either 
or of the form Ey for some y € P. Now assume that £r{V) ^ 0. Then there 
must be X G P with VEx = Ex- But this implies that Pi^qi- ■ -p^qmX = x, and 
thus pV^qi ■ ■ ■ v7r}qm = e in G. Lemma [3T] implies that V = E\-i^ „-i pi lies in 

[Im Pm---qi Pl-rJ 

Dr{P). □ 

Remark 3.12. This lemma implies that Dr{P) = C;{P)n£°°{P) if P embeds into 
a group. At this point, we see that it is convenient to work the the family J which 
is closed under pre-images (with respect to left multiplication), see Remark |2.3[ 
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Now let P be a subsemigroup of a group G, and let *-alg(P) be the sub-*-algebra 
of C*{P) generated by the Vp, p £ P. Set ior g £ G 

(38) Dg := span{{v*^Vq^ ■ ■ ■ v*^Vq^: m > 1; pi, qi e P and p^^qi . . . p';;tqm = g]) 

as a subspace of *-alg(P). We then obviously have *-alg(P) = YlgeG^g- 

Lemma 3.13. Assume that P embeds into a group G and that the constructihle right 
ideals of P are independent. Then there is a conditional expectation Eg '■ C*{P) — )■ 
Ds{P) with 

(39) Sslog = if g e and Ssloe = ''^^De'i 

(40) ker (A) n C;(P)^ = ker (f,) n C;(P)+, 

where G*{P)^ denotes the set of positive elements in C*(P). 



Proof. Since we assume that the constructihle right ideals of P are independent, we 
know that A|£)^(p) is an isomorphism. Thus we can set 

£s ■■= iMDsiP))'' oSroX: C:(P) ^ D,iP). 

We have 

if Pj^^gi . ■■p:;^qm + e. 
Therefore we obviously have £'s\Dg = H g ^ e. And ioi pi,qi, . . . ,pm, q-m ^ P with 
Pi^li ■ ■ ' Pm^Qm = e in G, we have 



{MDs(P)) ^i%-^p^■■■,-^p^P]) = ""[g^'pm-g^'piP] • • • V*pmV<lm- 



□ 



4. Amenability 



In this section, our goal is to study the relationship between semigroups and their 
semigroup C*-algebras in the context of amenability. It turns out that, using our 
constructions of semigroup C*-algebras, there are strong parallels between the semi- 
group case and the group case. Indeed, one of our main goals in this section is to 
show that the analogues of |Br-Ozj . Chapter 2, Theorem 6.8 (l)-(7) are also equiva- 
lent in the case of semigroups (under certain assumptions on the semigroups) . Apart 
from this result, we also prove a few additional statements. 

Let us first state our main result. To do so, we recall some definitions. The reader 
may find more explanations in [Paj. 

Definition 4.1. A discrete semigroup P is left amenable if there exists a left in- 
variant mean on i°°{P), i.e. a state yu on £°°(P) such that for every p £ P and 
f G 1°°{P), /i(/(pU)) = /u(/). Here /(pU) is the composition of f after left multi- 
plication with p. 



SEMIGROUP C*-ALGEBRAS AND AMENABILITY OF SEMIGROUPS 



29 



Definition 4.2. An approximate left invariant mean on a discrete semigroup P is 
a net in £^{P) of positive elements of norm 1 with the property that 

lim||/Xj - /ii(pU)||^i(p) = for all p £ P. 
Here /ij(pU) again is the composition of after left multiplication with p. 

Definition 4.3. A discrete semigroup P satisfies the strong F0lner condition if for 
every finite subset C C P and every e > 0, there exists a non-empty finite subset 
F CP such that \{pF)AF\/\F\ < e for all p e C. 

Here A stands for symmetric difference. 

4.1. Statements. Let P be a discrete left cancellative semigroup. We consider the 
following statements: 

1) P is left amenable. 

2) P has an approximate left invariant mean. 

3) P satisfies the strong F0lner condition. 

4) There exists a net in £'^{P) with = 1 for all i and limj \\Vp^i — = 
for all p (z P. 

5) There exists a net in Cc{P) C i'^[P) with = 1 for all i such that 
limi {Vp^Vq^ ■ ■■V*^Vg^^i,^i) = 1 for ah n G Z>o; pi,qi, . . . ,Pn,qn ^ P- 

6) The left regular representation A : C*{P) — )• C*{P) is an isomorphism and 
there exists a non-zero character on C*{P). 

7) There exists a non-zero character on C*{P). 

Our goal is to show that for a discrete left cancellative semigroup, we always have "1) 
<^ 2) <^ 3) ^ 4) ^ 5)" and "6) ^ 7) ^ 1)", and that if P is also right cancellative 
and if the constructible right ideals are independent (see Definition l2.26p . then "5) ^ 
6)" holds as well. With Corollarv 12 . 271 in mind, it is not surprising that independence 
of the family of constructible right ideals plays a role in the context of amenability. 
Moreover, note that 6) only makes sense if P can be embedded into a group. Thus 
our assumption that P should be cancellative is certainly necessary, and as a part of 
"5) 6)", we will prove that 5) implies that P embeds into a group. In addition, 
we will see in Remark 14.111 that 5) implies 7) for every discrete left cancellative 
semigroup. 

Before we start with the proofs, let us remark that the equivalence of 1), 2) and 3) for 
discrete left cancellative semigroups is certainly known, and that these equivalences 
can be proven as in the group case. We include proofs of these equivalences for the 
sake of completeness. Moreover, the implications "3) ^ 4) =^ 5)" and "6) =^ 7)" are 
easy. And for the implication "7) 1)", the proof in the group case as presented 
in [Br-Ozj . Chapter 2, Theorem 6.8 carries over to the case of semigroups. Again, 
for the sake of completeness, we present a proof for this implication. Both for the 
equivalence of 1), 2) and 3) as well as for the implication "7) =^ 1)", we only have to 
check that in the proofs of the corresponding statements in the group case, we can 
avoid taking inverses as this is in general not possible in semigroups. And finally, to 
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prove "5) 6)" under the additional assumptions that P is right cancellative and 
that the constructible right ideals of P are independent, we adapt A. Nica's ideas 
in [Nij . § 4.4 to our situation. 



4.2. Proofs. We start with "1) <^ 2)". First assume that there is a left invariant 
mean ^ on i°°{P). As the unit ball of i^{P) is weak*-dense in the unit ball of 
£^[P)" = there exists a net of positive elements in (^{P) with norm 

1 which converges to fi in the weak*-topology. This means that limj/ij(/) = ju(/) 
for every / G i°°{P). We want to show that for every p ^ P and / S i°°{P), 
liiRi ij.i{f) — {fj,i{p\J))(f) = 0. To prove this, take / S £°°{P), p & P and define a 

function g G i°-{P) by g{q) := J f ^''^ if 9 = rpj^^^^ limi(/Xi(<7(j^U)) - ^ii{g)) = 

I else. 

fi{g(p\j)) — fi{g) = as /i is left invariant. At the same time, 

g g qipP 



This shows that we indeed have limj/ij(/) — (;Uj(pU))(/) = 0. Hence, for every 
n G Z>o and pi, . . . G P, (0, . . . , 0) lies in the weak closure of 

(41) {{u-v{pp))j=i_n: y &(.\P),y>^A\y\\<l] ■ 

As this set is convex, it follows from the Hahn-Banach separation theorem that its 
weak and norm closures coincide. That (0, . . . , 0) lies in the norm closure of (I4ip 
tells us that P has an approximate left invariant mean. This proves "1) =^ 2)". 

For the reverse implication, assume that P has an approximate left invariant mean 
By definition, this means 

(42) lim ll^i - /ii(pU)||^i(p) = for ah p G P. 

Moreover, we have 11//^ - ^i(pU)||^i(p) > ||^i||^i(p) - ||^i(pU)||^i(p) = T.qipp\^^M)\■ 
It follows that 

(43) lim J]|/i,(<7)| = 0. 

gipP 

Now £°°(P)' = f{P)", and by the theorem of Banach-Alaoglu, the unit ball of 
£^{P)" is weak*-compact. Hence by passing to a suitable subnet if necessary, we 
may assume that the net converges to an element /i G i^{P)" = £°°{Py in the 
weak*-topology. has to be a state on i°°[P) as the /Xj are positive with norm 1. 
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For every / € 1°°{P) and p P we have 

HfipU)) - = lim|/x,(/(pU)) - 



lim 



lim 



^{^-i{q) - lii{pq))f{pq) - ^ ^'i{q)f{q) 



< 



lim ll^i - //i(pU)||^i(p) • ||/||^oo(p) + \ni{q)\ ||/||foo(p) 

\ q<^pP 

= 

by (j42p and (j43p . Thus /i is a left invariant mean. This proves "2) =^ 1)". 

Let us prove "1) 3)". First of all, if P has an approximate left invariant mean 
then we always have 



(44) 



lim \ \fJ-i{p U) — yU- 



i(P) 



0, 



Hi{q') if g = pg' for some q' G P 



if g ^ 

\i^p) 



The reason is that we 



where ^{{p ^\-i){q) ■ 
have 

\Hi{p~^U) - ^liWfiip^ = \fii{p~^U){q) - ^ii{q)\ + Y \fJ'iiq)\ 



q<^pP 



qipP 



q'&P 



qi-vP 



qipP 



and limi Y.qipp\^^^{q)\ = by ([ISj). 



Now, assume that P has an approximate left invariant mean. Let C be a finite subset 
P and let e > be given. By 2) and the fact proven above that every approximate 
left invariant mean satisfies (j44p . there exists a positive £^-function of -^^-norm 
1 with 



(45) 



pec 



< e. 



For t € [0,1], we set F{fi,t) := {q € P: fi{q) > t}. We claim that for a suitable 
choice of t, the inequality maXpgc'[pF(^, i)AF(^, t)|/|F(/i, t)| < e holds. We have 

\\fi{p-^U) - = ^|(^(p-lu) - fi){q)\ 

q&P 

= 12 |l[o,/.(p-iu)(g)](0 -l[o,Mg)]Wl^* 

= I \M,.{p-^u),t)il) - ^FM^dt = [ \ipFip,t))AF{fi,t)\dt 
Z^Jo Jo 
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and 



/ e\F{fi,t)\dt = e [ y^lFi^,,t){q)dt = ey^ [ tF(^,,i){q)dt 
Jo Jo ^^pJo 



Plugging these two inequalities into (145]) . we obtain 



1 rl 

e\F{fi,t)\dt > / y2\{pF{fi,t))AF{^,,t)\dt 
■^0 pec 



Thus there is t G [0,1] with e\F{n,t)\ > J2pec\iP^(^^^'^))^^(^^^''^)\■ Therefore P 
satisfies the strong F0lner condition. So we have proven "2) 3)". 



To prove the reverse implication, observe that 3) tells us that there exists a net {Fi)i 
of non-empty finite subsets of P such that limj|(pi<i)AFj|/|i<i| = for all p G P. 
Set fii := i^li?. . It is clear that is a net of positive ^^-functions of £^-norm 

1. Moreover, - Hi{pU)\\^^p-^ < \\fii{p-^U) - fii\\^^^p^ = ||;^(lpF, - 1fJ|^i(p) = 
\{pFi)AFi\/\Fi\ — >i for all p in P. Thus (/Ui)j is an approximate left invariant 
mean. This proves "3) =^ 2)". 

To prove "3) =^ 4)", first note that since P satisfies the strong F0lner condition, 

there is a net {Fi)i of non-empty finite subsets of P with limj|(pi^j)Ai<i|/|i<i| = for 

_i 

allp G P. Now set := \Fi\ 21^.. Here Ip- is the characteristic function of C P. 
It is clear that every lies in £^(P) and has norm 1. Moreover, for every p G P, 

Vp^i -^i = \Fi\-h{lj,p^ - ipj. It follows that \\Vp^i-^if = \{pFi)AFi\/\F,\ 
for all pe P. This proves "3) 4)". 



"4) 5)": By an approximation argument, we can without loss of generality 
assume that the from 4) all lie in Cc{P)- We have by 4) that limj \\Vp£,i — = 



for all p G P and also \\V;Ci - ^ < \\V;\\ ■ Ui - Vp^i 

\{yp\yq^■■■y;yqJ^,^^)-M 



for all p G P. Hence 



E [{Ky^^ ■ ■ ■ yp]y^.^i^^i) - • • • ypUyi.^XA^^-^ 



+ [yp^y,^ ■ ■ ■ ypUy.^-XA^^O - v^^^^^ ■ ■ ■ ^pVi^*-!^-^' 



^ ^\\yiA-^4 + 



yp*^^-C^ 



for all n G Z>o and pi,qi, . . . ,Pn,qn € P- This proves "4) =^ 5)". 



"6) =^ 7)" is trivial. 
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For "7) =^ 1)", let x '■ C*{P) — > C be a non-zero character. Viewing x ^ ^ 
state, we can extend it by the theorem of Hahn-Banach to a state on C{£'^{P)). We 
then restrict the extension to £°°{P) C C{i'^{P)) and call this restriction The 
point is that by construction, fJ^\c*{p) = X is multiplicative, hence C*{P) is in the 
multiplicative domain of fi. Thus we obtain for every / G i°°{P) and p P 

Thus is a left invariant mean on i°°{P). Hence we have proven "7) =^ 1)". 

It remains to discuss the implication "5) =^ 6)". We start with the following 
Lemma 4.4. 5) implies that P is left reversible. 

Proof. Let (^j)i be a net as in 5). For pi,p2 S P, we have limj (^i^* ^2^*2?*' — 
1. In particular, Vp^Vp^Vp^V*^ / 0. But Vp^Vp^Vp^V*^ = £^[(p^p)n(p2P)], hence (piP)n 
{P2P) 7^ 0. This shows that P is left reversible. □ 

Corollary 4.5. // P is cancellative and 5) holds, then P embeds into a group G 
such that G = PP"^. 

Proof. This follows from the previous lemma and Theorem 13. 101 □ 

Lemma 4.6. A subsemigroup P of a group is left reversible if and only if there 
exists a non-zero character on G*{P). 

Proof. If X is a non-zero character on G*{P), then for every pi,p2 G P, we have 
x(e[(piP)n(p2P)]) = xivpiV*^Vp2V*^) = xivpi)xivp,)x{vp2)x{vp2) = 1- This implies 
that (piP) n {P2P) 7^ because otherwise e[(p^p)n(p2P)] '^o^ld vanish. 

If P is left reversible, then by universal property of C*(P), there is a homomorphism 
G*{P) C sending G*{P) 9 t;^ to 1 G C and G*{P) 9 ex to 1 G C if X / 
and to G C if X = for every p ^ P and X ^ J . This is compatible with 
relation IIIg as q^Pm ■ ■ ■ Qi^PiP is never empty. The last fact follows inductively 
on m using the observation that for every non-empty right ideal X of P, we have 
q-^pX = q-^{{pX) n (qP)), and that (pX) D (qP) / by left reversibility. □ 

It remains to prove that 5) implies that A : G*{P) —?■ G*{P) is an isomorphism 
if P is cancellative (not only left cancellative, but also right cancellative) and if 
the constructible right ideals of P are independent. Recall the definition of Dg 
from (f38]l . For a positive functional ip on G*{P), we define the d-support of if as 
d-supp((/9) := |g( G G: ^{og O}- Moreover, we set 

V := {vp^Vq^ ■ ■ ■ '"*pn'"q^- ^ ^ 2>o;Pj,% G P] ■ 



Our aim is to show 
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Theorem 4.7. Let P he a suh semigroup of a group G, and assume that the con- 
structible right ideals of P are independent. If there exists a net {(pi)i of states on 
C*{P) with finite d-support such that limi(pi{v) = 1 for every ^ v in V, then 
X : C*{P) — >• C*{P) is an isomorphism. 

Note that this is the analogue of the implication "(5) =^ (6)" in |Br-Oz] . Chapter 2, 
Theorem 6.8 in the group case. To prove the theorem, we first show 

Lemma 4.8. Let (p he a positive functional on C*{P) with finite d-support. We 
then have for all x G C*{P): 

(46) < \d-supp{(p)\ \\ip\\ ip{£s{x*x)). 



Here £s is the conditional expectation from Lemma |3.13[ 



Proof. It certainly suffices to prove our assertion for x in *-alg(P) = ^^gc ^9- Take 
such an element x. Let d-supp((/j) = {gi, . . . , gn}- We can find a finite subset F <Z G 
so that X = '^g^p Xg with Xg € Dg and d-supp((/?) C F, i.e. {gi, . . . , gn} C F. Then 
(p{x) = Ylg^F V^^g) ~ YTj=i^{^gj)- Thus, using the Cauchy-Schwarz inequality 
twice, we obtain 



'9j. 



\{{^{Xg^)),,{l),)^S<\\{^{Xg^)),\\l^\\{l^ 



= n^\p{xg^)\^ = n^\{xg^,l)J^ < n 11(^11^(^(2;*^. Xg^.)- 
j=i j=i j=i 

Hence it suffices to prove '^^=iX*.Xg. < £s{x*x). We have by (p9]) and because of 
D*gDh C Dg-if, for all g,heG that 



£six*x) = ^ £s{x*gXh) 

g,h£F 

This proves (14. 8|) . 



y '] ^g,hXgXh — ^ ^ XgXg > Xg 

g,h&F geF j=l 



9 3^9 J ■ 



□ 



Proposition 4.9. A : C*{P) C*{P) is an isomorphism if the set of positive func- 
tionals on C*{P) with finite d-support is dense in the space of all positive functionals 
on C*{P) in the weak*-topology. 



Proof. Take x € ker (A). Passing over to x*x if necessary, we may assume x > 0. 
Take a positive functional ip on C*{P) with finite d-support. We then have because of 
A(x) = that \{x*x) = 0, thus £s{x*x) = by (gO]). Hence it follows from (gS]) that 
(p{x) = 0. So we have shown that ip{x) = for every positive functional on C*{P) 
with finite d-support. By our assumption in the proposition, the positive functionals 
with finite d-support are weak*-dense in the space of all positive functionals. Hence 
(p{x) = for every positive functional if on C*{P). This however implies that x = 0. 
We conclude that A must be injective, hence an isomorphism. □ 
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Actually, the converse of the proposition is valid as well, and is simpler to prove. To 
proceed, we need another 

Lemma 4.10. Let and (p be positive Junctionals on C*{P). Then there exists a 
unique positive functional ip on C*{P) such that 'ip{v) = ip{v)(p{v) for all v ^V. 

Proof. Just set ip = (99 (8> (/)) o A with A given by (|36p . □ 

Finally, with all these preparations, we can prove our theorem. 

Proof of Theorem \4.7\ Let be a positive functional on C*(P). Let ipi be the states 
given by the hypothesis of our theorem, they satisfy 

(47) liunpi{v) = 1 for every 7^ u G V. 

i 

By Lemma 14.101 there exists a net {4>i)i of positive functionals on C*{P) such that 
for all i, 

(48) (j)i{v) = ipi{v)(j){v) for all v eV. 

In particular, \\(j)i\\ = \\4>\\ since = (/'(I) = It is then clear that for every i, 
d-supp{(pi) C d-supp((/9i) is finite. Moreover, we have limj 4'i{v) = (j){v) for all w G V. 
This is clear if f = 0, and if f 7^ it follows from (|18]) and ([TTl) . Thus limj 0j(x) = 
4){x) for all X G *-alg(P), and since \\(pi\\ = \\4>\\ for all i, we conclude that we actually 
have limj 0i(x) = (p{x) for all x G C*{P). In other words, the net {(pi)i converges to (j) 
in the weak*-topology. Thus we have seen that the positive functionals with finite d- 
support are weak*-dense in the space of all positive functionals. By Proposition 14. 9^ 
this implies that A : C*{P) C*{P) is an isomorphism. This completes the proof 
of our theorem. □ 

"5) => 6)" if P is cancellative and if the constructible right ideals of P are 
independent: Assume that P is cancellative and that the constructible right ideals 
of P are independent. We have already seen that 5) implies that P is left reversible 
in Lemma [4.4l Thus P embeds into a group by Corollary 14. 51 and there is a non-zero 
character on C*{P) by Lemma 14.61 It remains to prove that A : C*{P) — )• C*{P) is 
an isomorphism. By Theorem 14. 71 it suffices to prove that there exists a net {ipi)i of 
states on C*{P) with finite d-support such that limj ifi{v) = 1 for every 7^ t> G V. 

Now take the net (^i)i in Cc{P) from 5), and set for all i: (pi{x) := (A(2;)^j,^j) for 
every x G C*{P). It is clear that these ipi are states and that we have limj ipi{v) = 1 
for every 7^ v G V. Moreover, for every i, set supp(^i) := {p G P: ^{p) 7^ 0}. By as- 
sumption (see 5)), supp(^j) is a finite set for every i. We have ^iiv*^Vg-^ ■ ■ ■ v*^Vq^) = 
• • • ^pn^in^i^^i) + only if there are x, y in supp(^i) with p'l^qx ■ ■■p~^qnX = 
y. But this implies Pi^qi ■ ■ -Pn^q-n £ (supp(^j))(supp(^j))~^, or in other words, that 
d-supp(v7j) C (supp(^j))(supp(^j))~"'^. As supp(^j) is a finite set for every i, this 
proves that for every i, cpi has finite d-support. This shows that the conditions in 
Theorem 14. 71 are satisfied, hence that A : C*{P) — )• C*{P) is an isomorphism. Thus 
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we have seen that 5) imphes 6) if P is cancellative and if the constructible right 
ideals of P are independent. 

Remark 4.11. We point out that 5) imphes 7) for every discrete left cancellative 
semigroup P. Just set x ^ the weak*-limit of the vector states (U^j,^j) of C*{P) 
where the are provided by 5). It is easy to see that x is multiplicative. 



4.3. Additional results. There are a few related statements we now turn to. First 
of all, we can of course consider the following 

Definition 4.12. A discrete semigroup P is called right amenable if there exists a 
right invariant mean on i°°{P). 



A right amenable semigroup P is always right reversible, i.e. for every pi,p2 G P, 
we have {Ppi) fl {Pp2) 7^ 0- This is the analogue of |Paj . Proposition (1.23) if we 
replace "left" in [Paj by "right". If P is cancellative and right reversible, then P 
embeds into a group G such that G = P~^P (see Theorem IS.lOp . G is amenable if 
P is right amenable (this is the right version of |Pa], Proposition (1.27)). 

Proposition 4.13. Let P he a cancellative, right amenable semigroup. Then \^^^ : 
is an isomorphism. 



Proof. Consider the embedding P ^ G = P P from above. We know that 
(7*(u),^p) ^ L)(u)(p)^e^^^p Lemma EH By dilation theory for semigroup 
crossed products by endomorphisms (see jLaj ) . there exists a C*-algebra D^o with 

an embedding D^^^ (P) ^ D^o and an action Too of G on Z^oo whose restriction to P 
leaves D^^\P) invariant and coincides with t^^\ Moreover, D^^\P)yl'^f^^J^^P embeds 
into DoQ XI G. Let us denote this embedding D^'^'> {P)xi'^^^J■^P ^ Doc >^t^ G hy i 
as well. 



Since P is right amenable, G is amenable. Hence there is a canonical faithful con- 
ditional expectation £^00 from ^t^G onto -Dqo- Moreover, using Corollary 12.221 
we can construct a conditional expectation on G*^^\P) by setting 

(49) := (A(^)|^,u)(p))-^ o o a(^) : G*^''\P) ^ D^'^\P). 

It is easy to see that ^•(u) 

£,(U)(p) 



commutes. But this then 



shows that £^^^ has to be faithful, and hence that A^^^ has to be injective (see the 
Definition of in (09])). □ 

Corollary 4.14. For every cancellative and abelian semigroup P, the canonical 
homomorphism A^^) : C*(^)(P) ^ C;{P) is an isomorphism. 



Proof. As remarked in [Pa| . § (0.18), every abelian semigroup is amenable. 



□ 
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As another consequence of Proposition 14.13^ we obtain an alternative explanation 
for the result in |C-D-Lj that the Toeplitz algebra over the ring of integers R in some 
number field can be canonically identified with the reduced semigroup C*-algebra 
of the ax + 6-semigroup Pr over R. First of all, we have proven in Section 12.41 that 
= C*{Pr). Moreover, we have seen in Lemma [2.301 that the constructible right 
ideals oiPR are independent, so that vr^^) : C*(Pr) ^ C*^'^\Pr) is an isomorphism. 
As Pr embeds into the amenable group Pk (the ax + 6-group over the quotient field 
K of R) such that Pk = P^^Pr, it follows that Pr is cancellative, right reversible 
(see |Cl-Pr| . Theorem 1.24) and hence right amenable (this is the right version of 
Proposition (1.28) in [Pa] ) . Therefore, we may apply Proposition 14.131 It tells us 
that A(u) is an isomorphism. All in all, we obtain 

i[r]^c*{Pr) ^ c*^'^>{p) ^ c;{Pr). 

We point out that the ax + 6-semigroup over R is not left reversible. 

Moreover, we know from the group case that nuclearity of group C*-algebras is 
closely related to amenability of groups. Here we show 

Proposition 4.15. Let P be a cancellative, right amenable semigroup. Moreover, 
assume that P is countable. Then C*{P), C7*(u)(p) and C*{P) are nuclear. 

Proof. Since we have surjective homomorphisms C*{P) C*^^\P) C*{P) and 
because quotients of nuclear C*-algebras are nuclear by [BlaJ, Corollary IV. 3. 1.13, 
it suffices to show that our assumptions imply nuclearity of C*{P). 

Using Lemma 12.141 and dilation theory for semigroup crossed products by endomor- 
phisms (see [Laj), we conclude that C*{P) = D{P)yi%P Deo ^too G- Here we 
use analogous notations as in the proof of Proposition 14.131 Now G is amenable as 
P is right amenable, and D^o is commutative since D{P) is commutative. Hence 
Doo Xtoo G is nuclear by |R0r| , Proposition 2.12 (i) and (v). Moreover, all the C*- 
algebras are separable as P is countable. Hence C*{P) is nuclear because it is stably 
isomorphic to a nuclear C*-algebra (see |R0r| , Proposition 2.12 (ii)). □ 

In particular, we obtain because every abelian semigroup is amenable: 

Corollary 4.16. For every countable, cancellative and abelian semigroup P, the 
C*-algebras C*{P), C*^^\P) and C;{P) are nuclear. 

In the reverse direction, we can prove 

Proposition 4.17. Let P be a cancellative, left reversible semigroup. If C*{P) or 
C*^^\P) is nuclear, then P is left amenable. 

Proof. By assumption, P embeds into a group G with G = PP^^ (see Theo- 
rem l3.10"]) . As P is left reversible, there exists a canonical projection C*{P) — >• C*{G) 
sending Vp to Up. Here Ug, g € G, denote the unitary generators of C*{G). As nucle- 
arity passes to quotients by |Blaj . Corollary IV.3.1.13, nuclearity of C*{P) implies 
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that C*{G), hence C*{G) must be nuclear as weh. By |Br-Uzj . Chapter 2, Theo- 
rem 6.8, we conclude that G must be amenable. But a left reversible subsemigroup 
of an amenable group is itself left amenable by |Pa| . (1.28). The analogous proof 
works also for C* (P) in place of C* (P) . □ 



5. Questions and concluding remarks 



An obvious question is: Which semigroups satisfy the condition that their con- 
structible right ideals are independent? It would already be interesting to find out 
for which integral domains the corresponding ax + 6-semigroups satisfy this inde- 
pendence condition. 

Another question is whether the condition in Lemma 13.111 is actually necessary. In 
other words, what is the precise relationship between embeddability of P into a group 
and the existence of a conditional expectation on C*{P) satisfying the conclusion in 
Lemma 13.111 .'' 

Furthermore, it would also be interesting to study the question for which subsemi- 
groups of groups the left regular representation A : C*{P) C*{P) is an isomor- 
phism. This is a weaker requirement than left amenability of P. Indeed, we have 
seen in Section H] that the difference between the statements "A : C*{P) — ?> C*{P) is 
an isomorphism" and "P is left amenable" is precisely given by the property of left 
reversibility. In this context, A. Nica has studied the example P = INI*"', the n-fold 
free product of INI. He has shown in |Ni], Section 5 that although this semigroup 
is not left amenable, its left regular representation A : C*(IM*") — )• C*(IKI*") is an 
isomorphism. So, the following question remains open: How can we characterize 
those semigroups which are not left amenable but still satisfy the condition that 
their left regular representations are isomorphisms? 

Finally, let us come back to the construction of semigroup C*-algebras due to G. 
Murphy in |Mur2] and |Mur3] mentioned in the introduction. One could say that G. 
Murphy's construction leads to very complicated or even not tractable C*-algebras 
because the general theory of isometric semigroup representations is extremely com- 
plex. If we compare his construction with ours, then we see that G. Murphy's 
C*-algebras encode all isometric representations of the corresponding semigroups 
whereas representations of our C*-algebras correspond to rather special isometric 
representations because of the extra relations we have built into our construction. 
At the same time, these extra relations lead to a close relationship between our 
semigroup C*-algebras and the semigroups themselves in the context of amenabil- 
ity. Such a close relationship does not exist for G. Murphy's construction. For 
example, his semigroup C*-algebra of the semigroup IKI x N is by definition the uni- 
versal C*-algebra generated by two commuting isometrics. But this C*-algebra is 
not nuclear by [ Mur4] , Theorem 6.2. Such phenomena cannot occur in our setting 
by Corollary 14.161 



SEMIGROUP C*-ALGEBRAS AND AMENABILITY OF SEMIGROUPS 



39 



References 

[Bla] B. Blackadar, Operator Algebras, Theory of C*-Algebras and von Neumann Algebras, En- 
cyclopaedia of Mathematical Sciences, Vol. 122, Springer- Verlag, Berlin Heidelberg, 2006. 

[Bourl] N. BOURBAKI, Algebre commutative. Chapitres 1 a 4. Elements de mathematique. Reim- 
pression inchangee de I'edition originale de 1985, Springer- Verlag, Berlin Heidelberg, 2006. 

[Bour2] N. BouRBAKi, Algebre commutative. Chapitres 5 a 7. Elements de mathematique. Reim- 
pression inchangee de I'edition originale de 1975, Springer- Verlag, Berlin Heidelberg, 2006. 

[Br-Oz] N. P. Brown and N. Ozawa, C*-algebras and finite- dimensional approximations. Graduate 
Studies in Mathematics, vol. 88, American Mathematical Society, Providence, RI, 2008. 

[Cl-Pr] A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, vol. I, Mathe- 
matical Surveys, Number 7, American Mathematical Society, Providence, RI, 1961. 

[Col] L. A. COBURN, The C*-algebra generated by an isometry I, Bull. Amer. Math. Soc. 73 (1967), 
722-726. 

[Co2] L. A. COBURN, The C*-algebra generated by an isometry 11, Trans. Amer. Math. Soc. 137 
(1969), 211-217. 

[Co-Do] L. A. COBURN and R. G. Douglas, C*-algebras of operators on a half-space, Publ. Math., 

Inst. Hautes Etud. Sci 40 (1971), 59-68. 
[C-D-S-S] L. A. CoBURN, R. G. Douglas, D. G. Schaeffer and I. M. Singer, C*-algebras of 

operators on a half-space II. Index theory, Publ. Math., Inst. Hautes Etud. Sci 40 (1971), 

69-79. 

[Cun] J. CuNTZ, C*-algebras associated with the ax -f b-semigroup over N (English), Cortifias, 
Guillermo (ed.) et al., K-theory and noncommutative geometry. Proceedings of the ICM 2006 
satellite conference. EMS, Ziirich. Series of Congress Reports, 201-215 (2008). 

[C-D-L] J. CuNTZ, C. Deninger and M. Laca, C*-algebras of Toeplitz type associated with algebraic 
number fields, preprint, arXiv:1105.5352vl. 

[Cu-Lil] J. CuNTZ and X. Ll, The regular C*-algebra of an integral domain, in Quanta of Maths, 
Clay Math. Proc. 11, Amer. Math. Soc, Providence, RI, 2010, 149-170. 

[Cu-Li2] J. CuNTZ and X. Ll, C*-algebras associated with integral domains and crossed products by 
actions on adele spaces. Journal of Noncommutative Geometry 5 (2011), 1-37. 

[Don] R. G. Douglas, On the C*-algebra of a one-parameter semigroup of isometrics. Acta Math. 
128 (1972), 143-151. 

[Do-Ho] R. G. Douglas and R. Howe, On the C*-algebra of Toeplitz operators on the quarterplane. 

Trans. Amer. Math. Soc. 158 (1971), 203-217. 
[La] M. Laca, Prom endomorphisms to automorphisms and back: dilations and full comers, J. 

London Math. Soc. 61 (2000), 893-904. 
[La-Rae] M. Laca, I. Raeburn, Semigroup Crossed Products and the Toeplitz Algebras of Non- 

abelian Groups, J. Functional Analysis 139 (1996), 415-440. 
[Li] X. Li, Rmg C*-algebras, Math. Ann. 348 (2010), 859-898. 

[Murl] G. J. Murphy, Ordered groups and Toeplitz algebras, J. Op. Th. 18 (1987), 303-326. 
[Mur2] G. J. Murphy, Ordered groups and crossed products of C*-algebras, Pacific J. Math. 2 
(1991), 319-349. 

[Mur3] G. J. Murphy, Crossed products of C*-algebras by semigroups of automorphisms, Proc. 

London Math. Soc. 3 (1994), 423-448. 
[Mur4] G. J. Murphy, C*-algebras generated by commuting isometrics. Rocky Mountain Journal 

of Mathematics 26 (1996), 237-267. 
[Neu] J. Neukirch, Algebraic number theory. Die Grundlehren der mathematischen Wissenschaf- 

ten. Springer- Verlag, Berlin, 1999. 
[Ni] A. NiCA, C*-algebras generated by isometrics and Wiener-Hopf operators, J. Operator Theory 

27 (1992), 17-52. 

[Pa] A. T. Paterson, Amenability, Mathematical Surveys and Monographs, vol. 29, American 

Mathematical Society, Providence, RI, 1988. 
[R0r] M. R0RDAM, Classification of Nuclear C*-Algebras in Classification of Nuclear C*-Algebras. 

Entropy in Operator Algebras, Encyclopaedia of Mathematical Sciences, Vol. 126, Springer- 

Verlag, Berhn Heidelberg New York, 2002. 



